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Preface 


This book provides a set of solved problems in the elementary methods of 
one-variable calculus. A full discussion of the analytical foundations of 
the calculus would clearly be out of place, and definitions are stated 
without the terminology and symbolism of analysis. This is particularly 
true of the notion of limit introduced in Chapter 1, where the ideas have 
been formulated in language more geometrical than analytical. 

Although important theorems have been quoted without proof, a 
proper statement of the conditions under which they are valid has been 
given wherever possible, consistent with clarity of expression. For readers 
not following a course in analysis the full significance of these conditions 
may not be apparent. They do on the whole have geometrical interpre¬ 
tations, however, and readers should explore this aspect to gain a better 
understanding of the relevance of the conditions to their respective 
theorems. 

When dealing with derivatives a choice has to be made between the 
notations dy/dx and f\x). I have chosen the latter for preference, and 
have considered it in the best interests of clarity to adhere to this notation 
throughout the book. Readers who have met both notations will judge 
their relative merits for themselves. 

In the important topic centred around Taylor’s theorem emphasis has 
been placed on errors and approximations, an aspect which is becoming 
increasingly prominent as more problems in advanced applications of 
calculus are solved numerically using a computer. Numerical estimation 
of integrals has been omitted however for reasons of space, although this 
too is important. 

Whilst the applications of integration have been divided between geo¬ 
metrical and physical problems, the applications of the derivative given 
are mainly geometrical. Physical problems involving derivatives lead 
generally to differential equations, and techniques for solving these 
require a separate detailed study. 

My grateful thanks are due to my wife, Ann. who has read this book 
in manuscript and in proof, and provided answers to the exercises. Her 
forbearance has made the preparation of the book a much easier task. 


K.E.H. 
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Chapter 1 
Limits 


1*1 Definitions The function f(x) is said to tend to / (have the limit /) as 
x tends to a, provided that the difference between J'(x) and / is smaller in 
magnitude than any prescribed positive real number for all values of x 
sufficiently close to, but different from a. We write/(x) -► / as x -> a, or 
lim/(x) = /. The definition is illustrated by the following two problems. 

x-*a 

Problem 1.1 Show that lim x 2 = 4. 

x-*2 

Solution. We wish to compare x 2 with 4. Thus 

Ix 2 —41 = |(x—2)(x+2)| < |x-2|. 10 

provided I x -+- 21 < 10 (i.e. —12 < x <81. We may now make |x 2 —4| 
small by choosing x sufficiently close to 2 For example, |x 2 —4| < 10' 6 
provided that |x*-2|. 10 < 10 -6 , i.e. provided that |x—2| < 10 -7 . 

Problem 1.2 Show that Ixl/^/lxl -» 0 as x -*• 0. ^ 

Solution. The definition excludes consideration of the point x = 0, and 
so the fact that the formula does not define a real number when x = 0 
does not prevent the function having a limit there. Now 

U|/V|x| = V|x| for x # 0, 

and so | x |/J \ x | can be made very close to zero provided x is very close to 
zero. For example, |x|/,/|x| < 10 _, ° provided |x| < 10~ 20 . □ 

Problem 1.3 Show that |x|/x does not have a limit as x —► 0. 

Solution. Ifx > 0then|x|/x = l.Ifx < 0then|x|/x = —1.Nonumber 
/ can be found which is very close to both 1 and — 1. □ 


i 


o 




function not defined 
at x * 0 


-1 


x 


Fig. 1.1 Graph of Ixl/x 
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Further definitions (i) The function fix) is said to tend to infinity as x 
tends to a provided that the values of fix) are larger than any prescribed 
real number for all values of x sufficiently close to a. We write fix) -* oc 
as x —*■ a. 

(ii) The function fix) is said to tend to infinity as x tends to infinity 
provided that the values of fix) are larger than any prescribed real number 
for all values of x sufficiently large. We write fix) -* oo as x -► oc. 

(iii) The function fix) is said to tend to the limit / as x tends to infinity 
provided that the difference between fix) and / is smaller in magnitude 
that any prescribed positive real number for all sufficiently large values of 
x. We write fix) -* I as x -* oo or lim f(x) = l. 

X~* 00 

Similar definitions may be formulated with minus infinity replacing 
infinity. 

Problem 1.4 Show that 1/x tends to zero as x tends to infinity. 

Solution. When x is very large 1/x is very close to zero. For example, for 
all values of x > 10 l 2 wehave 0 < 1 /x < 10 -12 . □ 

Continuity The function fix) is said to be continuous at x = a provided 
that lim fix) = fia). 

x-*a 

Theorem 1.1 If lim fix) = I and lim g(x) = m then 

(i) lim (/'(x)+g(x)) = l+m, 

(ii) Sim fix).g(x) = l.m. 

x-*a 

(iii) lim fix)/g(x) = l/m provided m # 0 . 

x—a 

Similar results are true with the limit as x tends to a replaced by the limit 
as x tends to infinity. 

There are many types of limits used in calculus, and we shall consider 
examples from three important classes of functions. 


1.2 Rational Functions A rational function is the ratio of two poly¬ 
nomials. 

Problem 1.5 Show that a polynomial function is continuous for all real 
values of x. 

Solution. For any real number a, lim x = a Using Th. l.l(ii) n— 1 

x-*a 

times, we obtain lim x" = a n . Again applying Th. 1.1 (ii), with f(x) = p 


2 


(constant) and g(x) = x", we obtain lim px n = pa n . If 

x-*a 

P(x) = p„x n +p n - l x H ~ 1 +...+p l x+p 0 , 
then repeated application of Th. l.l(i) yields 

lim P(x) = p„a"+p n - l ar~ l + ...+p l a+p 0 = P(a), 

and so P(x) is continuous at a. □ 


Problem 1.6 Show that any rational function is continuous for all 
values of x for which the denominator is non-zero. 

Solution. Let P(x) = P(x)/Q(x), where P(x) and Q(x) are polynomials. 
Suppose Q(a) ¥= 0. By Problem 1.5, 

lim P(x) = P(a) and lim Q(x) = Q(a). 

x-*a x->a 


Thus by Th. l.l(iii), since Q(a) # 0, lim P(x)/Q(x) = P(a)/Q(a) = R(a). 
Problem 1.7 Show that 


Solution. 


lim 


2x 2 + 3x+4 
4x 3 + x—7 


= 0 . 


□ 


2x 2 + 3x+4 /2 3 4 \ // 1 7 \ P(x) 

4x 3 + x - 7 ~\x + x 2 + x 3 )l\ + x 2 x 3 )- Q(x)' 


Repeated application of Th. 1.1 in conjunction with Problem 1.4 shows 
that lim P(x) =0, lim Q(x) = 4. Thus lim [P(x)/Q(x)] = 0/4 =0. □ 

X~* t) X-* no X-* T5 


Problem 1.8 Evaluate 

t . 4x 3 -3x 2 + 2 

lim — 1 ——5 - t. 

^ 2x 3 -4x 2 + x— 1 

Solution. 

4x 3 -3x 2 + 2 ( 3 2\// 4 1 1 \ P(x) 

2x 3 —4x 2 +x— 1 V x x 3 // V x x 2 x 3 / Q(x)' 

As in Problem 1.7 we have lim P(x) = 4, lim Q(x) = 2. Thus 

*-* no X-* ao 

lim [P(x)/0x)] = 4/2 = 2. □ 

X-* CO 

Problem 1.9 Show that if fix) -* 0 as x -» oc, and if fix) > 0 for all 
sufficiently large values of x, then l//(x) —► oc as x -> oc. 

Solution. Since fix) -* 0 as x -» oo, fix) is very small when x is very 
large. Thus 1 /fix) is very large when x is very large. For example, we can 
find a value of t so that for all x > t, 0 < fix) < 10” 6 . Thus for all x > t, 
1 /fix) > 10 6 . 
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Problem 1.10 Show that 

4x 3 +x —7 

— 5 — -- -► 00 as x -* 00 . 

2x 2 + 3x+4 

Solution. By Problem 1.7, (2x 2 + 3x+4)/(4x 3 +x — 7) -*• 0 as x — ► go. 
Thus by Problem 1.9, (4x 3 +x-7)/(2x 2 + 3x + 4) -► 00 as x -» 00 , since 
the function is certainly positive for all values of x > 7. □ 

In Problem 1.6 we investigated the limit of a rational function in cases 
where the denominator is non-zero. In the following problem the denomi¬ 
nator vanishes for the value of x under discussion. 


Probleml.il Evaluate 

3x 3 —2x 2 —7x —2 
x 2 + 2 x —8 

Solution. Write P(x) = 3x 3 — 2x 2 —7x—2, Q(x) = x 2 +2x — 8 . Then 
P(2) = Q(2) = 0. We can therefore factorize P(x) and Q(x) as follows: 

P(x) = (x-2)(3x 2 +4x+1), C(x) = (x—2)(x+4). 

Thus for x # 2, 

P(x) _ 3x 2 +4x+l 
Q(x) x+4 

In evaluating the limit we are concerned with values of x except x = 2, 
and so, using Problem 1.5, and Th. l.l(iii), 

,. 3x 3 —2x 2 —7x—2 3x 2 +4x+l 21 7 

x ^ 2 x 2 + 2 x —8 x -. 2 x+4 6 2 

In cases where the denominator vanishes at x = a and the numerator 

does not, difficulties arise over variation in sign of the denominator in the 

region of x = a, and so Problem 1.9 cannot be applied directly. A dis¬ 
cussion of one-sided limits will help to describe the behaviour of the 
function in such cases (see § 3.4). 

1.3 Trigonometric Functions 

Problem 1.12 Show that lim Sm * = 1. 

*-0 * 

Solution. Elementary trigonometry books use a geometrical definition 
of the sine function and give a geometrical proof for the limit. We shall 
use the definition of sin x as a series and give an algebraic proof. 

X 3 X 5 X 7 

sinx = x — — + — — — + ... 
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sinx . x 2 x 4 x 6 

-= 1-1-h ... 

x 31 5! 7! 

Since there are infinitely many terms on the right-hand side of this equa¬ 
tion we cannot apply Th. l.l(i) to deduce the result. We derive an inequality 
involving a geometric series. 

. x 2 x 4 x 6 sinx X 2 X 4 X 6 

'-T-T-T—'^ — <1 + T + 7 + T + - 


1 —x 2 sinx 

<- < 


1 


But 


1 -W 


1 -x 2 

lim --= lim 


1 -*x 2 ' 

1 


x“o 1 - i* 2 
and so lim (sinx/x) = 1 . 


ol-i * 2 


= 1 


Many problems involving trigonometric limits can be reduced to that 
of Problem 1.12 by a change of variable. It is therefore convenient to 
quote a theorem at this point which enables us to do this. 

Theorem 1.2 Suppose lim /(x) = l and lim 0 (f) = a. Then 

x-*a t-*b 

lim/( 0 (t)) = /. 

t-*b 

Similar results may be formulated in cases where a, b or / is + oc. We 
shall use such results where appropriate. 

Problem 1.13 Evaluate lim (sin 2 2x/x 2 ) 

jc-*0 

Solution. Write g(t) = %t, then lim g(t) = 0. Thus 

r -»0 


sin 2 2 x 
lim-=— = lim 


sin 2 t 


= lim 4 




x-*0 x t~*0 (i0 f-*0 

With practice specific reference to the function g(t) may be dropped 
and the substitution made as in the following problems. 

Evaluate 


Problem 1.14 


lim 


sin(x 2 — 1 ) 
(x- 1 ) 


Solution. 


.. sin (x 2 — 1 ) .. .. sin (x 2 — 1 ) 

lim-:— = lim (x + 1 )- 2 —;— 

X-1 X-l x-1 X - l 


x- 1 



































— 




, ,, sin(x 2 — 1 ) 

= lim (x + 1 ) lim - 5 --— 

*-l x- i x 2 -l 

sint . . .. , 

= 2 lim -- 2 , (writing f = x 2 — 1 ). □ 

1-0 { 


Problem 1.15 Evaluate lim (sin mx/sin nx). 

x-»0 

Solution. 


sin mx sin tnx nx mx m sin mx nx 


sin nx 


mx sinux nx 


n mx sin nx 


Thus 


sm tnx m sinmx,. nx 
lim —-= — lim-lim -— 


= -. 1.1 =- 
n x _ 0 tnx x _* 0 sin nx n n 


x ^ 0 sinnx 

Problem 1.16 Evaluate lim [(1 -cosx)/x 2 ]. 

x -*0 

Solution. Again the problem is reduced to one like Problem 1.12. 

1 —cosx 2 sinHx 1 /sin 4 x \ 2 1 

—-?-- 2 br )-2 as *-° ° 

1.4 Exponential Functions The usual definition of the exponential 
function is by means of a series: 

. x 2 x 3 x 4 

exp,+ _ + _ + 

The theorem that exp(x + y) = exp x. exp y leads to the use of indices, 
and we shall sometimes write e* for exp x. 


Theorem 1.3 


lim (l + = e*. 

x— « \ X J 


Problem 1.17 Show that, for any positive integer n, e x /x n oo as x -> oo. 
(i.e. the exponential function increases more rapidly than any power of x.) 


Solution. 


, . x 2 x" x " +1 

~ l + ^ + xr+... + —: + , ... + ... . 

2 ! nl (n + 1)1 


Since all the terms are positive when x > 0, we have e* > x" + l /{n + 1)!. 
Thus 

e 1 1 x” + * x 

oo as x —► co, 


x" > x"(n+ 1 )! (n+ 1 )! 
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and so e*/x n -> oc as x -> oo. (A slight modification allows the positive 
integer n to be replaced by any positive real number.) □ 

The logarithmic function can be defined in several ways, including 
the definition as the inverse of the exponential function, i.e. if y = e*, we 
define the logarithmic function by the equation x = lo g e y. Throughout 
this book we shall use logarithms to base e and not to base 10. The sub¬ 
script e will therefore be omitted, and log^x will be denoted by the standard 
notation In x. 


Problem 1.18 For any positive real number a, lim \nx/x° = 0. 

x~+ <t> 

Solution . We use Th. 1.2 and the previous problem, with the modification 
indicated at the end. Let t = tax, then 

lim = lim = lim = lim = 0 , 

X° Wf 

using Problem 1.17 and a reciprocal version of Problem 1.9. □ 

The next two problems are once again cases which reduce algebraically 
to standard limits. 


Problem 1.19 Evaluate lim [(x 4- l)/(x — l)] x . 
Solution. 

/x+lV (1 + 1/Jc)* <? _ 2 

\x- 1 / “(1 - l/x) x ^ 

using Th. l.l(iii) and Th. 1.3. 


as x -* oo. 


□ 


Problem 1.20 Evaluate lim [(cosh 2 x + sinh 2 x)/x 4 ]. 

X-* no 

Solution. The hyperbolic functions coshx and sinhx are defined by 
coshx = ^(e* + e~ x ), sinhx = ^(e* — e -x ). 

Thus we have 

cosh 2 x + sinh 2 x (e* + e _Jt ) 2 + (e x — e~ x ) 2 

4x 4 

e~*Y (e* e~ x 

+ x 2 ) + \x 2 x 2 

Now e x /x 2 - ® asx-x and e~ x /x 2 - 0 as x - oc. Thus we obtain 
the result that 

cosh 2 x + sinh 2 x 

- 2 -» oo as x -► oo. LJ 

x 4 
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Problem 1.21 Evaluate lim [(e* — l)/x], 

x 0 

Solution. We use a technique similar to that of Problem 1.12. 


x 2 x 3 


* = 1 +x + 2! + 3T + 


and so for x ^ 0 , 


We therefore have 


e*- 1 


X X 2 X 3 


= 1 + 2! + 3! + 4! 


|x| |x | 2 |x | 3 e* — l |x| |x | 2 |x | 3 

2 4 8 x < 2 4 8 


1 — |x| e*-l 

< - < 


1 


1 -ilxl 


Now 
and so 


1-W 
lim -—— = lim 


x 1 -ilx| 
1 


♦o 1 x-o 1 -iM 

x-o * 


= 1 


EXERCISES 

1. P{x) is a polynomial of degree m, and Q(x) is a polynomial of degree n. 
Investigate the manner in which lim [P(x)/Q(x)] depends upon m and n. 


x 3 + 3x 2 — 19x+3 


2. Evaluate lim „ ^ , 

x -. 3 4x 4 — 12x 3 —x 2 —x —6 

x 3 +x 2 -8x-12 

3. Evaluate lim - 5 —---—. 

x __ 2 x 2 + 3x + 2 

_ , ,. sinx 

4. Evaluate lim-. 

x-» 00 ^ 

, _ , ,. 2sin 2 3x 

5. Evaluate lim-=—. 

x-*0 X 2 

e* — 1 — x 

6. Evaluate lim-^—. 

x-0 x 2 
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Chapter 2 
Differentiation 


2.1 Definitions and Elementary Rules The function /(x) is said to be 
differentiable at x = a if the quotient 

f(a+h)—f{a) 

h 


has a limit as h -> 0. If the limit does exist, then that number is called the 
differential coefficient of/(x) at a denoted by f\a). The following rules 
follow from the properties of limits without difficulty. 

(i) Linearity : If/(x) and g(x) are both differentiable at x = a, and if p 
and q are constants, then the function {pf+qg)(x) is differentiable at 
x = a, and 

(pf+qg)'(a) = pf'(a)+qg'(a). 

(ii) Product Rule: If/(x) and g(x) are both differentiable at x = a then 
the function ( fg\x ) is differentiable at x = a and 

(fg)'(a) =f'(a)g(a)+f(a)g'(a). 


(iii) Quotient Rule: If/(x) and g(x) are both differentiable at x = a. and 
also g(a) ¥= 0 , then the function ( f/g)(x ) is differentiable at x = a and 


(M(a) = 


g(a)f'(a)-f{a)g'(a) 

(d(a)) 2 


2.2 Standard Results Many of the elementary functions encountered in 
the calculus are differentiable at most values of x for which they are defined. 
In these circumstances we can consider a new function whose value at 
x = a is f\a). We call this the derived function or derivative of/(x), and 
we use the notation f\x) for this function. Three basic examples are dealt 
with in this section, and from them many other functions can be 
differentiated by means of the rules. 

Problem 2.1 To find the derivative of/(x) = x*, where n is a positive 
integer. 

Solution. f(x -h h) — f{x) _ (x + /i) n — x n 
h = h 

= ^(x"+/ix"“ 1 h+^(n-l)x"- 2 /i 2 +... + /i"-x") 
h 

(using the binomial theorem) 
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= iw"" l +in(n-l)x"- 2 fc + —x") 

-» nx * -1 as h -* 0 , 

since each of the n — 1 terms after the first contains a power of h, and so 
tends to zero as h -» 0. Thus /(x) is differentiable for any value of x, and 
/(x) = wx" -1 . □ 


Problem 2.2 To find the derivative of f(x) = sinx. 

Solution. 

f(x + h)—f(x) _ sin(x+#i) — sinx 2 cos(x + ^/i) sin 4 /i 

h = h = h 

, ., . sin \h , 

= cosfx+^n) — rr-► cosx as h -> 0, 

2 h 

using Problem 1.12 modified by means of Th. 1.2. Thus /(x) is differentiable 
for any value of x and /'(x) = cos x. □ 

Problem 2.3 To find the derivative of/(x) = e*. 

Solution. Using Problem 1.21, 

/(*+«-/<*) .*♦*-«* f>-l\ , 

— h — - — i, - — “ as * - ,a 

Thus/(x) is differentiable for all values of x and /'(x) = e*. □ 


2.3 The Chain Rule 

Theorem 2.1 Suppose that /(x) is a function which is differentiable at 
x = a, and that g(t) is differentiable at t = f(a). Then the composite 
function gzf(x) = g(f(x)) is differentiable at x = a and 

gof'(a) = g'(f(a))f'(a). 

Problem 2.4 Find the derivative of h(x) = sin(x 2 ). 

Solution. Write/(x) = x 2 ,g(t) = sin t. Then f'(x) = 2x and g’{t) = cos t. 
Thus by Th. 2.1, 

h'(x) = g'(f(x)) f'(x) = cos(x 2 ). 2 x. □ 

Problem 2.5 Find the derivative of k{x) = e* ia{x2) . 

Solution. Th. 2.1 is applied twice in this example. Write /(s) = e 3 and 
h(x) = sin(x 2 ). Then by Th. 2.1, 

k'(x) = l'(h(x)) h’(x) = e» in(Jt2 >. 2x cos(x 2 ), using Problem 2.4. 
Alternatively, without explicit reference to Problem 2.4 we can write 
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/(s) = e\ h(x) = sin(x 2 ), g(t) = sinr,/(x) = x 2 . Applying Th. 2.1 twice 
then gives 


k’(x) = l'(h(x))h'(x) = l'(h(x))g'(Ax))f'{x) 

— e bix) cos(f{x)). 2x = e’ in(J ‘ 2 ) cos(x 2 ). 2 x. 

With practice specific reference to the intermediate functions 
/(s), h(x), g(£), /(x) would be dropped, and one would proceed as follows: 


To differentiate 
Mental manipulations 


k(x) = e 3in ' x \ 

*/ \ X 

k'(x) = c ,,n(x2) cos(.x 2 ) 2x 


1. The derivative of e* is e*. 

2. The derivative of sin * is cos *. 

3. The derivative of x 2 is 2x. □ 


2.4 Applying the Rules of Differentiation Application of the rules for 
linearity, products, quotients and the chain rule yields further standard 
results from those in § 2 . 2 . 


Problem 2.6 Find the derivative of/(x) = cosh x. 

Solution. f(x) = \e*+\e~ x . Thus f'(x) = \e x +$[e~ x )( — 1) (using line¬ 
arity and the chain rule applied to e~ x ); i.e. 

/'(x) = je”—\e~ x = sinhx. □ 

Problem 2.1 Find the derivative of/(x) = cos x. 

Solution. f(x) = cosx = sin(j 7 i—x). Applying the chain rule gives 
/'(x) = cos(-j7t-xX-1), since the derivative of (j7 t—x) is —1. Thus 
f'(x) = —sinx. □ 


Problem 2.8 Find the derivative of/(x) = tan x. 

Solution. Since tan x is not defined if x is an odd multiple of ^t, we may 
consider only values of x for which cosx # 0. Applying the quotient rule 
we have, since /(x) = tan x = sin x/cos x, 


m = 


cos x(cos x) — sin x(—sin x) cos 2 x -I- sin 2 x 


cos 2 x 


cos 2 x 


cos 2 x 


= sec x. 


□ 

Proficiency in differentiation of functions defined by means of compli¬ 
cated formulae can be achieved only by systematic practice, rather than 
by studying a long list of worked examples. We include therefore just one 
complicated example in this section. 


Problem 2.9 Find the derivative of/(x) = cosh(e xcosJ *). 

Solution. In applying the procedure outlined at the end of Problem 2.5, 
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we use 

1. The derivative of cosh * is sinh *. 

2. The derivative of e* is e*. 

3. The derivative of * 2 is 2*. 

4. The derivative of cos x is —sin x. 

5. The derivative of x is 1. 

6 . The product rule to differentiate xcos 2 x. 
We then have 



In Problems 2.4-2.9 we have been able to find the derivative of the 
functions by applying the rules of differentiation together with knowledge 
of the derivatives of a few standard functions. The complicated functions 
we have dealt with have all been defined by single formulae and we have 
not needed to use the limiting procedure of § 2.2. The following is an 
example of a function not defined by a single formula, and to find the 
derivative at some points a we shall have to revert to the definition of 
f\a). 

Problem 2.10 Investigate differentiability of the function /(x) defined by 

— x 


f(x) =•{ X 2 


if x < 0 
if 0 < x ^ 1 
x 3 —x +1 ifx > 1. 


Solution. The numbers x = 0 and x = 1 need to be considered 
separately. For other values of x, however, the rules can be applied to give 


/'(*) =\ 


We now consider x = 0. 


f(o+h)~m 


-i 

lx 

3x 2 — 1 


—/i—0 


ifx < 0 
if 0 < x < 1 
ifx > 1. 


= -1 if ft < 0 


( 0 +ft ) 2 -0 


Thus [/(0+ft) —/(0)]/ft does not have a limit as ft 
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= ft if 0 < ft < 1. 

0 , since it is — 1 if ft 


is close to zero and negative, whereas it is close to 0 if ft is close to zero 
and positive. Thus /(x) is not differentiable at x = 0. (It is. however, 
continuous at x = 0.) 

We finally consider x = 1. 


/(l+ft)-/(l) 

ft 

Thus 


(l+ft) 2 -l 


= 2+h 


ft 

(l+ft) 3 -(l+ft)+l-l 


/(l + ft)-/(l) 


=2+3ft+ft 2 

as ft -*■ 0 


if — 1 < ft < 0 
ifft > 0. 


and so/'(l) = 2. The graph of/(x) is sketched in Fig. 2.1. □ 



2.5 Inverse Functions 

Theorem 2.2 Suppose that the function f(y) is strictly increasing (or 
strictly decreasing) for c < y < d, that f(y) is differentiable at a, where 
c < a < d, and that f'(a) # 0. Then the inverse function g(x) is differ¬ 
entiable at f(a) and 

g\m) = l/f'(a). 

Problem 2.11 Find the derivative of the function g(x) = Jx. (yjx 
denotes the positive square root of x.) 

Solution. We apply Th. 2.2 to the function f(y) = y 2 . This function is 
strictly increasing for positive values of y, and the function g(x) is the 
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inverse of f(y) for y > 0. If x = /(a), then x = a 2 so that a = V*- 
Applying Th. 2.2 therefore gives 

M ~7W~ W* sirKtm " 2y ' D 

Problem 2.12 Find the derivative of g(x) = lnx. 

Solution. 0 (x) = In x is defined for positive values of x and is the inverse 
function of f(y) = e?. If x = e? then a = lnx, and so, applying Th. 2.2, 
we obtain 

9(X) /'(lnx) e ,nx x' 

since f{y) = e y . □ 

Problem 2.13 Find the derivative of g{x) = sin~*x. 

Solution. The function f(y) = siny is strictly increasing for 
-\n < y <\n, and sin"‘x is the inverse of f(y) over this interval. 
Applying Th. 2.2 gives 

9 X /'(sin~‘x) cos(sin _, x) ^/(l-sin 2 (sin _ 1 x)) VO-x 2 )‘ 


Problem 2.14 Find the derivative of/(x) = ln(sin “ *x 3 ). 

Solution. This problem illustrates the methods of Problem 2.9 applied 
to the inverse function introduced in this section. The chain rule is used 
twice together with the following results: 

1 . The derivative of In * is 1/* (Problem 2.12). 

2 . The derivative of sin -1 * is 1/V(1 —* 2 ) (Problem 2.13). 

3. The derivative of x 3 is 3x 2 . 

We then have 

f(x) = In (sin"‘x 3 ) 

fix) = 1 3^ 3x 2 

sm 'x 3 y/(l —(x 3 ) 2 ) 

3x 2 

“ sin" 1 x 3 > /(l-x 6 )' D 

In the formula for f'{x\ any non-zero value of x satisfying — 1 < x < 1 
may be substituted to give a real number.. But in the formula for /(x) we 
may only substitute values of x satisfying 0 < x ^ 1 , since lny is not 
defined for y ^ 0. This point should be considered when complicated 
formulae occur. Formulae such as In In sin x do not give rise to real 
numbers for any substituted value of x. and so do not define functions at 
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all. Nevertheless, the rules of differentiation can be mechanically applied 
to give formulae which are sometimes meaningful for certain values of x. 

2.6 Implicit Functions All the functions we have encountered so far 
have been defined explicitly by means of a formula involving the variable 
x. However, this may not always be so, and we may have a function 
y = y(x) defined implicitly by an equation/(x,y) = 0. It may or may not 
be possible to solve this equation so as to express y explicitly in terms of x, 
but in either case it is often easier to work with the implicit equation in 
order to find y'(x). 

Problem 2.15 The function y = y(x) satisfies the equation x 2 + y 2 = 1. 
Find y’(x). 

Solution. In this case we can solve the equation explicitly to obtain 
y = ±y/(l —x 2 ). It will be seen that the equation x 2 + y 2 = 1 associates 
more than one value of y with most given values of x (this is shown on 



Fig. 2.2). Thus there are many functions y = y(x) which satisfy the 
equation, of which two may be defined explicitly by the formulae 

y(x) = VO - * 2 )- M*) = -VO-* 2 )- 

Let us choose the first and compare two ways of finding /(x). Using the 
formula y(x) = yj( 1 — x 2 ) we obtain 

/(*) = -x/VO-x 2 ) 

by using the chain rule. The chain rule can also be applied to differentiate 
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y 2 in the implicit equation x 2 + y 2 = 1 , and we obtain 

2x + 2yy'(x) =0. Hence/(x) = —x/y = — x/Jil— x 2 ). □ 


Problem 2.16 Find y'(x) when y = 1 +xV. 

Solution. We use the product rule and the chain rule to obtain 

y'(x) = 2xe y + xV/(x). 


This equation becomes 

/(*) 


2xe y 2(y — 1) 

1-xV ” (2-y)x’ 


using the implicit equation to eliminate e y . Note that in contrast to the 
previous example one cannot obtain an explicit formula for y and the 
expression for y'(x) involves y as well as x. □ 


Problem 2.17 Find y'(x) when 2 y = x 2 y. 

Solution. This problem illustrates a general method which can be 
applied to equations containing indices and products. We take logarithms 
of both sides to form another implicit equation. Thus we have 

ln( 2 *) = In (x 2 y), 
y ln 2 = 21 nx+lny. 

Differentiation now gives 

/(*) In 2 = 2 /x+/(x)/y(x), 

y'(x) = 2y/x(y\n2-l). □ 


Problem 2.18 Find y'(x) when y(x) = <f (a > 0). 

Solution. Taking logarithms gives Iny = xlna, and then differentia¬ 
tion yields /(x)/y(x) = In a. Thus /(x) = a* In a. 

Note that although y is given explicitly in terms of x it proves advan¬ 
tageous to form an implicit equation by taking logarithms. This is also 
the case with the following three problems. □ 

Problem 2.19 Find y'(x) when y(x) = (x 2 )*‘ nx . 

Solution. Taking logarithms gives In y = sin x. 2 In x. Thus 

y’(x)/y = cosx. 21 nx + 2 sinx/x, 

/(x) = 2 (x 2 ) ,inx (cos x In x + sin x/x). □ 

Problem 2.20 Find y'(x) when 

_ cos 2 x 2 xJ (x 3 — 2 x + 1 ) 
tan x cosh xe (x-2) 

Solution. Taking logarithms gives 

lny = 21ncosx+x 2 In2+ln(x 3 —2x+1)—In tanx —In coshx—(x— 2 ). 
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This enables us to differentiate each term separately, and use the rule of 
linearity. Thus we have 


y(x) cosx x* 5 — 2 x+l 


sec 2 x 


sinhx 


y'(x) = 


cos 2 x 2 * 2 (x 3 — 2 x + 


tan x cosh x. e (x 




tanx 
2 tanx+ 2 xln 2 + 
1 


coshx ^ 
3x 2 —2 


cos x sin x 


x 3 —2x+l 
— tanh x - 




□ 


The reader should check that this method gives the same result as that 
obtained using the product and quotient rules without taking logarithms. 
It should be noted that one can only take logarithms of positive numbers, 
within the real number system, and that several of the terms in the formula 
for y(x) will be negative for particular values of x. The effect of this on the 
method should be carefully considered. Values of x for which denomina¬ 
tors are zero should also be investigated. 


Problem 2.21 Find y'(x) when y = In t and x = e\ 

Solution. In this example y is specified as a function of x by means of 
the parameter t. Applying the chain rule gives 

y\t) = /(x).x'(O, 

and so y'(x) = y\t)/x\t) for values of t for which x'(t) ^ 0. In this case 
y'{t) = 1 /t and x'(t) = e\ so that 

y’(x) = \/e t t = 1/xlnx. 

The parameter t could have been eliminated in this particular problem 
to obtain y = In In x, and then y'(x) could have been calculated directly. 
In cases where t cannot be eliminated so easily, /(x) may have to be given 
in terms of t or in terms of both x and y. □ 


Problem 2.22 Find y’(x) when y = e*cos t and x = e*sin t. 

Solution. Using the product rule gives 

y\t) = — e'sint-f e t cost = —x+y, 
x'(t) = e*cos t + e'sin t = y + x. 

We thus have 

y'(x) = At)/x'(t) = (y-x)/(y+x), 

except for values of t for which y(t)+x(f) = 0 , i.e. for t = (n—£) 7 t, n = 0 , 

i 1 ? ± 2 ,... . □ 


2.7 Higher Derivatives In this chapter we have so far been concerned 
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with differentiating a function /(x) to obtain the derivative /'(x). This 
derivative may itself be differentiable for some values of x. and so it may 
be possible to find a derivative of/'(x). Where possible we can continue 
in this way and define the nth derivative inductively. The notation is 
developed in the course of the problems of this section. 

Problem 223 Find the third derivative of/(x) = ln(2x + 3). 

Solution Using the chain rule we have 

/'(x) = 2 /( 2 x+3), 

/"(x) = 2.( —l).2/(2x + 3 ) 2 = — 4/(2x+3) 2 , 
f l3 \x) = —4.(—2).2/(2x+3 ) 3 = 16/(2x + 3) 3 . 

Note that each derivative is defined for all values of x except x = -§, 
whereas/(x) is defined only for x > -f. Readers should consider care¬ 
fully the reasons for this. □ 

Problem 224 Find the nth derivative of/(x) = sin x. 

Solution. The first four derivatives of/(x) are given by 

/'(x) = cos x, /"(x) = -sinx, / ( 3 > (x) = -cosx, / l 4 , (x) = sinx. 

After this stage it would appear that the pattern should repeat itself, and 
so for any non-negative integer n, 

/ ( 4 n *(x) = sinx, / t 4 n+ 2 l (x) = —sinx, 

/< 4 » +1 >(x) = cos x, / ,4 " + 3 fx) = - cos x, 

or more concisely 

f a ”\x) = (-1 )"sin x, / t2 " + 1 ) (x) = ( -1 )Tcos x. 

These formulae, which have been guessed on the basis of the pattern of 
the first four derivatives, can be proved by the method of induction. The 
details are omitted. □ 


Problem 225 Find the nth derivative of/(x) = 1/^(1 — x). 

Solution. The first three derivatives, found by successive differentiation 
are 


/'(X) = i(l-x)-*, f"(x) = |.|(1- -X)-*, / ( 3 >(x) = i.y ( l-x)-i, 
and so one is led to conjecture the general formula 


/*"(*) = H.|. 

which may be proved by the method of induction. 
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Problem 226 Find the fourth derivative of f(x) = x 2 e x . 

Solution. Successive differentiation, using the product rule, gives 

f'(x) = 2xe x + x 2 e x , 

f‘\x) = 2e x 4* 2xe* + 2xe x 4- x 2 e x = 2e x +4xe* + x 2 e x , 
f (3 \x) = 2e x + 4e JC + 4xe x + 2xe x + x 2 e* = 6e* + 6xe* + x 2 e*, 

/ (4) (x) = 6e x + 6e* + 6xe* + 2xe x + x 2 e x = 12e* + 8xe x + x 2 e x . □ 

It will be seen that with a relatively simple function such as x 2 e x the 
calculations involve the application of the product rule a number of 
times. The following theorem, known as Leibniz’ Theorem, is of use in 
this context. 

Theorem 2.3 Suppose h(x) = J\x)g(x\ where both/U) and g{x) can be 
differentiated n times. Then 

h l ”Xx) =/1x)0(x)+|jJr i l(x)^)4 ('')/- 2 >(x),"(x) + ... 

+ 9 {r) (x)+■■■ +f(x) 9 ln \x), 

where (” | denotes the binomial coefficient n\/(n—r)\r\. 


Problem 2.27 Find the nth derivative of h(x) — (x 2 — 3x+ 1)/^(1 —x). 

Solution. One of the factors in h(x) is a polynomial, and under these 
circumstances the application of Leibniz’ theorem is especially convenient, 
since if the polynomial has degree p then the (p+ l)th and higher deriva¬ 
tives are all zero. 

In this example we let /(x) = l/^/fl —x) and g(x) = x 2 —3x+ 1. Then 
g\x) = 2x — 3, g"(x) = 2, p , 3 ) (x) = 0 and so by Th. 2.3, 

h^(x) = r n \x)g(x)+nf n - "(x)g\x)+Mn~ D f n ~ 2 \x)g"(x) 

= Si (1_xr< " +i)(x2_3x+1) 


n( 2 n — 2 )! 
+ 2 2 " _2 (n — 1 )! 


(l-xJ-^-i^x-S) 


n(n — 1) (2n — 4)! 

+ 2 2 2n_4 (n — 2)1 


(1 —x) -, "- 3/2) 2. 


(from Problem 2.25) 

(2n)l . _ (B+4) 3x 2 + (2n—9)x — (4n 2 — 6 n — 3) 

2 2n nV X) ( 2 n — l)( 2 n —3) 


□ 
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Problem 2.28 The function f(x) is defined by f(x) = e~ 1,x2 (x ^ 0). 
/(0) = 0. Prove that / (B) (0) = 0 for all n. 

Solution. For x ^ 0 the rules of differentiation can be applied to show 
that f'(x) — 2 x -3 e ~ 1/xi , and it can be proved by the method of induction 
that for all n , 

f {n \x) = P(\/x)e~ l,xl (x # 0), 


where P is a polynomial. For x = 0 we have 


/'( 0 ) = lim 

h -*0 


m-m 


1 ii> 2 


= lim 

h~*0 


= 0 , 


using Th. 1.2 and Problem 1.17. Assuming that /‘"’(O) = 0 we then have 
/.♦ «n - Urn rw-f-n , lim nw- , 0 


h-0 


h-*0 


by Th. 1.2 and an extension of Problem 1.17. The result follows for all 
positive integers n by the principle of mathematical induction. □ 


EXERCISES 


1. Find the derivatives of 

(i)/(x) = e cosx , (ii)/(x) = secx, (iii) f(x) = lncoshx. 

2. Investigate differentiability of (i) /(x) = |x|, (ii) /(x) = x*. 

3. Find the derivative of /(x) = cosh _ 1 x. 

4. Find the derivative of /(x) = x*. 

5. Find /(x) when y satisfies the equation x y = y x . 

6 . Find the nth derivative of /(x) = \/yJ(ax + b) and prove your result 
by the method of induction. 

7. Find the nth derivative of/(x) = x 4 lnx. 
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Chapter 3 

Applications of the Derivative 

3*1 Increasing and Decreasing Functions 

Theorem 3.1 (i) If, for all x satisfying a < x < b, /'(x\> 0, then 

a < x < y < b implies /(x) ^ /(>'), i.e. the function is increasing. 

(ii) If. for all x satisfying a < x < b, f'(x) > 0, then a < x < y < b 
implies /(x) < f(y), i.e. the function is strictly increasing. 

There are corresponding versions of these two results for decreasing 
functions. There are also variants in which one or more endpoints of the 
interval between a and b are considered, and a variant of (ii) in which 
f’(x) = 0 at certain points only. These will be used as the occasion arises. 

Problem 3.1 Find intervals in which the function /(x) = x 3 —3x is 
respectively increasing and decreasing. 

Solution. For all values of x we have f'(x) = 3x 2 —3. Hence 

f'(x) >0 if 3x 2 -3 > 0, i.e. x 2 > 1 , 
f'(x) <0 if 3x 2 -3 < 0, i.e. x 2 < 1 . 

Thus/(x) is increasing when x < - 1 and when x > 1, and decreasing 
when — 1 < x <1. Furthermore the function is continuous at x = — 1 
and x = 1, and this is sufficient to ensure that for x < 1, /(x) < /( — 1), 
for —1 < x < l,/( —1) > f(x) > /(l), and that for x > l,/(x) > /(l). 
The graph of /(x) is sketched in Fig. 3.1. □ 
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Problem 3.2 Determine those intervals in which the function 
fix) = x 2 e~ x is increasing and those in which it is decreasing. 

Solution. For all values of x we have 

fix) = 2xe~ x —x 2 e~ x = e~ x x(2-x). 

Because e~ x > 0 for all x, it follows that /'(x) > 0 if ,x(2—x) > 0, i.e. 
0 < x < 2 . and that /'(x) < 0 if x( 2 -x) < 0 , i.e. if x < 0 or x > 2 . 
Thus/(x) is increasing in the interval 0 < x < 2 and decreasing otherwise. 
Similar considerations to those of Problem 3.1 apply at x = 0 and x = 2. 
The graph of fix) is sketched in Fig. 3.2. (The behaviour of fix) as x -> oo 



and as x -» — oo is deduced from Problem 1.17, using Th. 1.2 as appro¬ 
priate.) □ 

Problem 3.3 Show that for 0 < x < jtt, 2x/n < sin x < x. 

Solution, (i) Consider the function /(x) = x—sinx. We then have 
/'(x) = 1 —cosx > 0 , 0 < x < j 7 t. 

Thus/(x) is increasing for 0 < x < $n. Furthermore/(x) is continuous at 
x = 0 and so a variant of Th. 3.1 establishes that for 0 < x < 
f(x) > /( 0 ), i.e. 

x—sinx > 0 —sinO = 0 . 

(ii) For g{x) = sinx—(2 x/ji) we have g'{x) = cosx—(2 /tt). Hence 
g'(x) >0 ifO < x < cos _ 1 (2/jt). 
g'lx) < 0 if cos -1 (2/k) < x < $ n. 




Thus g(x ) is increasing for 0 < x < cos - 1 (2/tc) and decreasing for 
cos" ‘(2/71) < x < Continuity of g(x) then implies that 

g(x) > g( 0 ) = 0 for 0 < x ^ cos - l (2/n), 
g(x) > g{%n) = 0 for cos - 1 ( 2 / 7 t) < x < \n. 

Hence </(x) > 0 for 0 < x < \n. 

Combining the results of (i) and (ii) gives the desired inequalities. □ 

In Th. 3.1, and in the problems of this section, the sign of the derivative 
in an interval has been investigated. It is important to realize that if 
/'(x) > 0 for a particular value x = a, this is not sufficient to guarantee 
the existence of an interval containing a in which f(x) is increasing. This 
can be demonstrated by the behaviour, in the region of x = 0 , of the 
function defined by 

/(0) = 0, /(x) = jx+x 2 sin(l/x) (x ^ 0). 

3.2 Maxima and Minima 

Definitions (i) A point x at which fix) = 0 is called a critical point of 
the function fix). 

(ii) The function fix) is said to have a local maximum at x = a if there 
exists a value of d with the property that fix) 4, fia) for all x satisfying 
a—d < x < a+d. 

(iii) The function fix) is said to have a strict local maximum at x = a 
if fix) has a local maximum at x = a and if for x # a the inequality in (ii) 
can be replaced by the strict inequality fix) < fia). 

(iv) The function fix) is said to have an absolute maximum at x = a if 
for all x for which fix) is defined, fix) < fia). 

Corresponding definitions for minima and strict minima can be given. 

Theorem 3.2 (i) If fix) has a local maximum or a local minimum at 
x = a and if fix) is differentiable at x = a then /'(a) = 0 . 

(ii) If fia) = 0, and if f n \a) = 0 for n < k, where k is even, and if 
f k \a) # 0 , then fix) has a local maximum at x = a if f k \a) < 0 and a 
local minimum at x = a if f k \a) > 0 . 

Notes: (i) The function fix) considered in Problem 2.28 has a strict 
local minimum at x = 0. However /‘"’(O) = 0 for all values of n. Thus 
there can be no converse of Th. 3.2(ii). 

(ii) The behaviour of the function fix) = x 3 in the region of x = 0 
reveals that in general there may be neither a maximum nor a minimum 
if the first non-zero derivative is of odd order. 

(iii) A critical point which is neither a local maximum nor a local 
minimum is called a point of inflexion. 
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Problem 3.4 Find the critical points of fix) = x 2 e~ x and classify them. 

Solution. The function has been considered in Problem 3.2, and the 
working there establishes that f(x) has a strict local maximum at x = 2 , 
and a strict local minimum, which is in fact a strict absolute minimum, at 
x = 0. Also f(x) has no absolute maximum. We can relate the behaviour 
at x = 0 and x = 2 to Th. 3.2 by noting that, since 

fix) = 2xe~ x —x 2 e~ x , 
then /’(0) = /'( 2 ) = 0. 

Also /"(x) = e~ x {x 2 —4x+2) 

so that /"( 0 ) = 2 > 0 , /"( 2 )- 2e~ 2 < 0 . □ 


Problem 3.5 Find the critical points of the function /(x) defined by 

.. . 2 x 2 - 3 x +2 

fix) = 

and classify them. 


x — 1 


Solution. The first thing to notice is that /(x) is not defined for x = 1 . 
For all other values of x we apply the quotient rule to obtain 

fl( (x—lX4x—3)—(2x 2 —3x+2). 1 . 2x 2 -4x+l 

JW ~ (x- 1) 2 (x l ) 2 • 

Thus/'(x) = 0ifandonlyif2x 2 -4x+l = 0, i.e. if and only if x = 1+^2 
or x = 1 -\yj2. 

Now for x # 1 we have 


* _ (x -1 ) 2 (4x - 4) - (2x 2 - 4x + lX2x - 2) 

J (x- 1) 4 

Since we shall substitute the critical values of x, and since ( 2 x 2 — 4 x+ 1 ) 
is zero when x takes either of the critical values, there is no point in 
simplifying the numerator. 


/V+iy/2) = 


(W2) 2 (2V2) 

(W2) 4 


> 0 , 


/"a -W2)=— yr^ 2) 4^ 2) < o. 

Thus by Th. 3.2(ii) with k = 2,/(x) has a local minimum at x = l+jy/2 
and a local maximum at x = 1 —\y/2. □ 


Problem 3.6 Find the greatest and least values of the function 

fix) = ^x + cosx 

in the interval from x = 0 to x = 2n. 




Solution. Differentiating gives fix) = ^ — sin x. Thus fix) = 0 when 
sin x = i.e./'(x) = 0 when x = n/6 and x = 5n/6. Also fix) = — cos x, 

so that /"(n/ 6 ) = -^3 < 0 and /"(5n/6) = ^3 > 0. Thus fix) has a 
local maximum at x = n /6 and a local minimum at x = 5n/6. The 
corresponding values of fix) are 

/(n/ 6 ) = n/12+iV3 ^ M3, /(5n/6) = 5n/12-iV3 0-44. 

Evaluating/(x) at the endpoints of the interval gives 
f(0) = 1, /(2n) =n+1^414. 

The function is differentiable throughout the interval and so the greatest 
value, n+ 1 , is attained at the endpoint x = 2 n, while the least value, 
5n/12—jy/3, is attained at the local minimum x = 5n/6. The graph of 
f(x) is sketched in Fig. 3.3. □ 



Problem 3.7 A rectangular box without a top is to be made with a square 
base and a fixed volume V. Find the dimensions of the box so that the 
least amount of material is used in its manufacture. 

Solution. In a problem such as this we first have to decide what to take 
as the variables, and what sets of values the variables can take. We then 
have to formulate equations connecting the variables and find a result 
from calculations using these equations. 

Let the variables, which can take only positive values, be a, the length 
of a side of the square base of the box, and h, the vertical height. The 
volume V of the box is then given by 

V = a 2 h. 
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The amount of material required can be measured by the external surface 
area S of the box, ignoring joints for the sake of simplicity. Since it is to 
have no top, this will be given by 

S = a 2 +4ah. 

We now have two equations and we can eliminate one of the variables. 
Since h = V/a 2 , we have 

S = a 2 +4aV/a 2 = a 2 +4V/a, 

and must find the least value of the function S(a). Just one critical point 
occurs, when 

S'(a) = 2a—4V/a 2 = 0, 
i.e. when a 3 = 2V, or a = (2F)*. Furthermore 

S"(a) = 2+8 Via 3 , 
and so S"((2F)*) = 2+4 > 0. 

Thus a = (2V)* is a local minimum. There are no other critical points, 
S(a) -* oo as a -* 0, and S(a) -* oo as a -* oo. The least value of S is 
therefore attained at the local minimum and so the dimensions of the box 
in this case are 

a = (2V)\ h = V/( 4 V 2 )* = (V/4)* 

The minimal value of the surface area is then given by 

S = (4 V 2 )* + 4(2F)*(F/4)+ = 3(4 V 2 )*. □ 


3.3 Asymptotes A line / is said to be an asymptote to a function /(x) if 
either 

(i) the distance between /(x) and l tends to zero as x -* oo or as 
x -» — oo. or 

(ii) the distance between f(x) and / tends to zero as x —> a. where a is 
a number with the property that f(x) -» + oc as x -► a (or as x -► a from 
above or below). 

The meaning of these cases will become clear through the problems 
below. The way in which the geometrical definition of an asymptote is 
formulated algebraically will also be explained by means of these prob¬ 
lems. 


Problem 3.8 Show that the function 


/(*) = 


4x 3 — 3x 2 + 2 
2x 3 — 4x 2 + x — 1 


has an asymptote as x -* oo. 

Solution. From Problem 1.8 we have f(x) -> 2 as x 


oo. Thus the line 
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y = 2 is an asymptote to f(x) as x oo. Such an asymptote is called a 
horizontal asymptote because of its graphical position. □ 

Problem 3.9 Show that /(x) = l/(x — 2) has an asymptote as x -» 2. 

Solution. The graph of f(x) is sketched in Fig. 3.4. It will be seen from 
the graph, and also from the formula, that when x is slightly greater than 



2,/(x) is large and positive, and when x is slightly less than 2,/(x) is large 
and negative. Under these circumstances we say that /(x) -» oc as x -» 2 
from above (denoted by x -*• 2 + ) and that /(x) -> -x as x -*2 from 
below (denoted by x -► 2 —). In this case the asymptotic line x = 2 is 
said to be a vertical asymptote. 

Note that in this problem the line y = 0 is a horizontal asymptote of 
f(x) as x -*■ oc and as x -+ — oo. □ 

Problem 3.10 Show that the line g(x) = 2x —1 is an asymptote as 
x -» oc and as x — oo of the function/(x) = (2x 2 —3x + 2)/(x—1). 
Solution. 

e . . . . 2x 2 - 3x + 2 1 

/(x) - g(x) =---(2x - 1) =-- -» 0 as x -*• +oc. 

x — 1 x — 1 

An asymptote of this kind is called an oblique asymptote. □ 
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Problem 3.11 Show that if f(x) is asymptotic to the line g(x) = ax 4 - b 
as x -► oo, then /(x)/x a as x -► oc. Is the converse true? 

Solution. Since 



fix) - iax + b) -> 0 

as x -> oo. 

then 

[fix)-iax + b)]/x - 0 

as x -► oo. 

But 

[/(x) - (ax + b)]/x =/(x)/x - a + b/x. 

and 

b/x -* 0 

as x -► oo. 

Thus 

fix)/x — a -» 0 

as x -> oo, 

i.e. 

fix)/x -> a 

as x -► oc. 


The converse is not true, for if we consider /(x) = 2x + sinx then 
J[x)/x = 2 4* sinx/x -> 2 as x -► oo. 

However, there is no value of b with the property that 

(2x 4- sin x) — (2x 4- b) -+ 0 as x -> oc, 
since sinx oscillates between 1 and — 1 as x -> oo. □ 

This problem provides the key to a systematic method of finding asymp¬ 
totes, even though the converse is not true. We first investigate f(x)/x as 
x —► oc. If this has a limit a we then consider the function /(x) — ax. If 
this has a limit ft as x -► oc, we can deduce that /(x) has the asymptote 
ax + b as x -► oo. 

A connection between asymptotes and derivatives is given in Problem 
4.3. 

Problem 3.12 Find whether the function/(x) = y/[(x 3 4 - 3 In x)/(4x 4 - 1)] 
has an asymptote as x -* oo. 

Solution. Applying the method explained at the end of Problem 3.11 
we have 

/(x) 1 / x 3 4 - 31nx /x 3 4 - 31nx __ /l4-31nx/x 3 1 

x xv 4x4-1 V 4x 3 4-x 2 V 4 4* 1/x -> 2 asx ‘“* 00. 

Now 

(x 3 + 3 In x)/(4x + 1) — |x 2 
N /[(x 3 + 31nx)/(4x + 1)] + -jx 

4x 3 + 12 In x — 4x 3 — x 2 
4(4x + l){ v /[(x 3 + 31nx)/(4x 4- 1)] + |x} 
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121 nx/x 2 — 1 

“ 4(4 + l/x){VC(l + 31nx/x 3 )/(4 + 1/x)] +*} 

"4x4(Vi + i) == "T6 aS ' WQC ' 

Thus/(x) has the asymptote jx—as x -» oo. □ 


3.4 Sketching Graphs In drawing a sketch graph of a function /(x) we 
are concerned to exhibit the following features: 

(i) the set of values of x for which /(x) is defined. 

(ii) the set of values taken by /(x), 

(iii) points of intersection with the axes, 

(iv) critical points and their nature, 

(v) asymptotes, and the position of the graph with respect to these. 
More or less detail concerning these and other features, such as periodicity, 
will be included as required for any particular application. 


Problem 3.13 


Sketch the graph of the function 


/« = 


2x 2 - 3x + 2 
x — 1 


Solution. The function is defined for all values of x except x = 1. 
When x = 0,/(x) = —2, but since 2x 2 —3x + 2 > 0 for all values of x, 
/(x) = 0 has no solutions. We have fix) -» oc as x -» 1 + and/(x) -*• — oo 
as x -» 1 -, and so the line x = 1 is a vertical asymptote. Also/(x) -*• oo 
as x -» oo and fix) -* - oo as x -» - oc, so that fix) has no horizontal 
asymptote. 

From Problem 3.10, the line 2x - 1 is an oblique asymptote as x -» oc 
and as x -* — oo. Furthermore the calculations in that problem show that 
fix) = 2x - 1 + l/(x - 1). Thus if x > 1 the graph lies above the asymp¬ 
tote, whilst if x < 1 the graph lies below the asymptote. 

From Problem 3.5 the only critical points of fix) are a local maximum 
at x = 1—^2, and a local minimum at x = 1+yi Also in that 
problem we showed that 


fix) = 


lx 2 - 4x + 1 
(x - l ) 2 


for x / 1 . 


Thus/'(x) < Oif 1 - {sjl < x < 1 + {^2, except for x = l.and/'(x) > 0 
otherwise. This information tells us those intervals in which the function 
is decreasing and increasing respectively. At the critical points we have 

/(I + y2) = 1 + 2V2 3-8, /(I - y2) = 1 - y2 ^ - 1-8. 
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The function is continuous for all values of x ^ 1, and so we now have 
enough information to sketch the graph of Fig. 3.5. □ 



Problem 3.14 Sketch the graph of the function/(x) = x + ln|x|/x. 

Solution. The function is defined for all values of x except x = 0. It 
will be seen that if we replace x by - x in the formula for/(x), the sign is 
reversed. i.e./( - x) = - /(x) for all x for which/(x) is defined. A function 
with the property is called an odd function. (An even function is one for 
which /(- x) = jf(x), e.g. cos x.) 

Now as x-* 0+, f(x) -* - oo, since ln|x| —► - oc as x -+ 0 . Also 
/(*)-*■ oo asx->0—. Thus the line x = 0 is a vertical asymptote. Since 
/(*)-» i oo asx -> ±oo there is no horizontal asymptote. 

Since/( 1 ) = land/(x) —> —ooasx —> 0 +, and since/(x) is continuous 
for x > 0 , there will be a value of x between 0 and 1 for which/(x) = 0 . 
From the formula this value of x is given by the equation In x = — x 2 . 
We cannot express the solution of this equation explicitly by means of 
rational numbers, square roots, etc, but we can find rational approxima¬ 
tions to the solution from tables or by some other means. How accurate 
an approximation we require would depend upon the use to which the 
solution was to be put. For the purposes of sketching a graph a fairly 
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rough approximation will be sufficient. It can be verified that x = 0-65 
provides such an approximation. 

Differentiating f(x) gives, for x^0, 




= i + 


1 - In|x| 


x 

This is always positive, since 1 + (1 — ln|x|)/x 2 > 0 if and only if 
ln|x| < 1 + x 2 , i.e. if and only if |x| < exp(l + x 2 ), which is true since 

exp(l + x 2 ) = ! + (! + x 2 ) + ... > 1 + x 2 > |x|. 


Hence/(x) is an increasing function of x in the region x > 0 and in the 
region x < 0 . 

To find oblique asymptotes we adopt the procedure of Problem 3.11 
which gives 

/(x)/x = 1 + ln|x|/x 2 -» 1 as x -» oc. 



Also fix) - x = In Ixl/x 0 

as x _> + oc. Thus the line g(x) = x is an asymptote of /(x) as x -► oc 
and as x -*• - oo. Since/(x) = x + ln|x|/x for x > 0 we have 
f(x) < x when In|x| < 0 . 
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and /(x) > x when ln|x| > 0 . 

Also/(l) = 1, and so the graph intersects the oblique asymptote at x = 1. 
lies above it for x > 1 and below it for 0 < x < 1 . Since/(x) is an odd 
function, corresponding results are true for negative values of x. We 
may now sketch the graph as in Fig. 3.6. □ 


Problem 3.15 Sketch the curve defined parametrically by the equations 
x = 1 + t 2 , y = sin t. 

Solution. As was stated in § 2.6, equations in which x and y are connected 
implicitly or by means of a parameter do not necessarily define y as a 
function of x in a unique way. This will be reflected in the graph, where 
there may be more than one value of y corresponding to a given value of 
x. This occurs in the present case, for x( — t) = x(f) and y( — t) = — y(t). 
Since x(f)^ 1 for all t, the graph lies to the right of the line x = 1 . Also, 
since y(f) = sin t, then — 1 < y ^ 1 for all f. Also y{t) does not have a 
limit as t -* +oc, i.e. as x -♦ oo, (since x -» oc as r -<• +oc and vice versa). 
There is thus no asymptote as x -*• oc. 

Knowledge of the behaviour of the sine function would enable us to 
draw the curve without any further calculations, but to illustrate the 
methods we shall give details. Intersections with the x-axis are given by 
y(t) = 0 , which is satisfied by 

t = nn (n = 0, + 1 , + 2,...) 
and so by x = 1 + n 2 n 2 (n = 0 , 1 , 2 ,...). 

To find y'(x) we proceed as in Problem 2.21: 

y'(t) = cos t, x'(t) = 2t. 

Thus for t ^ 0 we have 


y\x) = cos tilt 


oo as t -* 0 + 
— oc as t -* 0 —. 


Since the curve is continuous for all t, this means that the graph has a 
vertical tangent when t = 0 , i.e. when x = 1 . 

Now y'(x) = 0 when cost = 0, i.e. t = (n + $)w (n = 0, ±1, +2,...). 
Further, for t # 0 we have, using the quotient rule and the chain rule. 


_ 2 t( — sinf) — 2 cosf 1 

4 1 2 x'(t) ~ 


t sin t + cos f 
~4t 2 ~ 
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For t = (n + %)it we have 

(n + iw - ir (- iy 

* w 4[(n+±M 3 4[{n+W 

Thus y"(x) < 0 if n is even, and y"(x) > 0 if n is odd, so that y(x) has local 
maxima for 


f = ..., — 3n/2, 4jt/2, 5n/2,9n/2,... 
and local minima for 

t = ..., 3n/2, - ji/ 2, — 5/2, — 9ir/2, — 

We now have sufficient details to be able to sketch the curve of Fig. 3.7. 



It has only been possible to give a small sample of the types of curve 
which may be encountered, but many of the important points needed to 
sketch graphs are covered. More information on curves and their proper¬ 
ties is to be found in E. H. Lockwood, A Book of Curves, Cambridge 
University Press, 1961. 


EXERCISES 

1. Find the intervals in which the function /(x) = cos 2x — 2 sin 3x is 
increasing, and intervals in which it is decreasing. 

2. Find the critical points of the function /(x) = (x — 1 ) 3 (x + 2 ) 4 and 
classify them. 

3. Find the greatest and least values of the function /(x) = lnx + 2/x 
in the interval 1 < x < 3. 

4. A kite in the shape of an isosceles triangle is to be fixed by its vertices 
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to three rods which are joined at a point on the axis of symmetry of the 
kite. Find a position for this point if the sum of the lengths of the rods is 
to be minimal. 

5. Find asymptotes for the function f(x) = x ln(e 0 +x -< ’), where a > 0 
and b > 0. 


6 . 

7. 


Find asymptotes for the curve defined by y = 1/t 2 , x = r 2 /(l + e -t ). 
Sketch the graph of the function 


/(*) 


1 1 

- 1 - 7 

X X + 1 


+ 


1 

X - f 


8 . Sketch the curve defined by the implicit equation 

y 3 — 8x 3 + 2y — 3x =0. 

9. Sketch the curve defined parametrically by the equations 

x = t/(l + t 2 ), y = f 2 /(l + r 2 ). 
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Chapter 4 
Taylor’s Theorem 


4.1 Mean Value Theorems Notation: We shall call the set of values of 
x satisfying a < x < b the closed interval [a, b]. We shall call the set of 
values of x satisfying a < x < b the open interval (a, b). 

Theorem 4 .1 Rolle's theorem Let/(x) be a function which is continuous 
on the closed interval [a, b] and differentiable in the open interval (a, b). 
Suppose also that f(a) = f(b). Then there is a number c satisfying 
a < c < b for which/'(c) = 0. 


By saying that/(x) is continuous on the closed interval [a,b] we mean 
that/(x) is continuous for all values of x satisfying a < x < b, and that 
f(x) -» f(a) asx-* a+. and also that /(x) -+f(b) asx-» b-. 


Theorem 4.2 Mean value theorem ( M.V.T .) Let /(x) be a function 
which is continuous on the closed interval [a,b] and differentiable in 
the open interval (a, b). Then there is a number c satisfying a < c < b 
with the property that 


m z m 

b-a 


= /'(c). 


Problem 4.1 Demonstrate the equivalence of Rolle’s theorem and the 
M.V.T. 

Solution. We first show that the M.V.T. implies Rolle’s theorem. This 
follows immediately because the hypotheses of the two theorems are th’e 
same, with the additional assumption in Rolle’s theorem that/(a) = f(b). 
Thus, under the assumptions of Rolle's theorem, the M.V.T. implies that 
there is a number c in (a, b) satisfying 


/'(c) = 


m-m 

b — a 


= 0 . 


To show that Rolle’s theorem implies the M.V.T. we shall discuss the 
geometrical significance of each. Fig. 4.1(i) illustrates Rolle’s theorem, 
which may therefore be geometrically interpreted as saying that under 
the appropriate assumptions, there is a point on the curve where the 
tangent is parallel to the x-axis. Fig. 4.1(ii) illustrates the M.V.T. The 
quotient [/(b) - f(a)]/(b - a) is a measure of the slope of the chord, 
and so the theorem may be geometrically interpreted as saying that there 
is a point of the curve at which the tangent is parallel to the chord. 

35 




















To deduce this from Rollers theorem we therefore make a transformation 
which converts the chord into a horizontal line segment. We write 

g(x) = f(x) - (x - a) ~/te) 
b — a 

The function g(x) is continuous on the closed interval [a, b ] and differenti¬ 
able in the open interval ( a,b ). Furthermore 

g(b) = f(b) -(b-a) MzM = m 
o — a 

g(a) = /(a) - (a - a)- b) ~^ (a) = /(a). 

o — a 

Thus g(b) = g(a) and so the function g(x) satisfies the conditions of Rolle’s 
theorem. Hence there is a number c in (a, b) satisfying g'(c) = 0. But 

fib) -/(a) 


g'(x) = f(x) -■ 


and so 


b-a 


iTA-mzM- 0 , 


b — a 

which is the conclusion of the M.V.T. 


There now follow a number of applications of Rolle’s theorem and of 
the M.V.T. 

Problem 4.2 Use the M.V.T. to show that a derived function cannot 
have a jump discontinuity. 

Solution. We assume that/(x) is differentiable in an interval {p.g) and 
consider a number a in ( p,q ). To say that f(x\ should have a jump dis¬ 
continuity at a means that both the limits lim fix), lim f(x) should exist 

x-*a+ x -*a — 

and be different However, if these limits exist then for x > a, using 
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the M.V.T. applied to the interval [a. x], there is a number c in (a, x) 
satisfying/'(c) = [/(x)-/(a)]/(x-a). Now c depends upon x. and since 
a < c(x) < x, c(x) -+a+asx-»a-k Thus we have, using a modification 
ofTh. 1.2, 

lim /'(c(x)) = lim /'(x). 

X~*fl + x-»<i + 


However, by definition of f'{a) 


lim f\c(x)) = lim =/ / (u). 


x — a 


x-*a+ x-*a + 

A similar argument shows that 

lim /'(c(x)) =/'(«). 


Hence if lim /'(x) and lim /'(x) exist, they are both equal to/'(a), and 

x-»a+ x~*o 

so cannot be different. □ 


It is tempting to think that this implies that all derived functions are 
continuous. However, we have used the implication that the existence of 
lim f(x) implies the existence of lim /'(c(x)), and the converse of this 

X"*fl+ X“*fl + 

implication is not true in general. An investigation of the behaviour near 
x = 0 of the function /(x) defined by 

/(x) = x 2 sini (x # 0), /(0) = 0 

will show that derived functions can have discontinuities. 


Problem 4.3 The function/(x) is assumed to have the following proper¬ 
ties: (i) f{x) is differentiable for all x, (ii)/(x) is asymptotic to ax + bus 
x -» oc, (iii) lim/'(x) exists. Show that lim /'(x) = a. 

X-*flO X-*«0 

Solution. Let k be a fixed real number. We apply the M.V.T. to the inter¬ 
val [k,x] where x > k. Thus there is a number c(x) in (k. x) satisfying 


/(x)-/(fc) 

x-k 


=/W). 


Since/'(x) has a limit as x -> cc it follows that/'(c(x)) has the same limit 
as x -» oo. We now compare/(x) with ax + b. Since they are asymptotic, 
f(x) — iax + b) -* 0 as x -» oc. Thus 

fix) -fjk) _ fjx) - (ax -I- b) + ax + b _ fjk) 
x — k x — k x—k x — k 


->0 + a + 0 = a asx-»oo. 
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Hence !im f'(x) = lira /'(c(x)) = lira Z. (x) ~ /(fe) = n 

*-<*> x~* go X-* X — k U 

Readers should construct an example of a function/(x) which satisfies 
assumptions (i) and (ii) but not assumption (iii). 

Problem 4.4 Discuss possible numbers and location of solutions for 
the equation x" + px 2 + q = 0 (p * 0, q * 0). 

Solution. Problems of this type depend upon Rolle’s theorem. If/'(x) = 0 
has only one solution then there can be at most two solutions of fix) = 0 
Writing 

/ (x) = x" + px 2 + q , 
we then have f'( x ) = nx ”~ 1 + 2px 

= 0, when x = 0 or x" -2 = — 2p/n. 

The following situations can now arise: 

(a) n even, p > 0; /'(x) = 0 has only one solution and so /(x) = 0 
has at most two solutions. 

(b) n even, p < 0;/'(x) = 0 has three solutions and so /(x) = 0 can 
have at most four solutions. 

(c) n odd :/'(x) = 0 has two solutions and so/(x) = 0 can have at most 
three solutions. 

In case (a),/(x) is an even function and/(x) -► oo asx -► + oc./(x) = 0 
then has either no solutions or two solutions, as in Fig 42 (i) and (ii) 
respectively. w 

In case (b),/(x) is again even, and/(x) = 0 may have 0,2 or 4 solutions 
as in Fig. 4.2 (iii), (iv) and (v) respectively. 

In case (c),/(x) -► co as x -*• oc and/(x) -oo as x -» -oo and so 
there must be at least one solution of/(x) = 0 since/(x) is continuous 
tor all x. There may be only one solution as in Fig. 4.2 (vi) and (vii), or 
three solutions as in Fig. 4.2 (viii) (corresponding to p < 0) or as in Fig. 
4.2 (ix) (corresponding to p > 0). The positions of the solutions have been 
located by the principle that a pair of solutions associated with a solution 
ot/ (x) - 0 lie either side of the value of x for which/'(x) =0. □ 


4.2 Indeterminate Forms— I’Hdpital’s Rule 

Theorem 4.3 Cauchy's M.V.T. The functions /(x) and g(x) are 
assumed to be continuous on the closed interval fa, b] and differentiable 
on the open interval (a,b). We assume also that g(b) * g(a) and that 
J (x) and g (x) are not both zero for the same value of x. Then there is a 
number c in (a, b ) satisfying 

38 


f(b)-f(a) _ f'(c) 
g(b) - g(a) g'(c) 











Fig. 4.2 

Problem 4.5 Suppose lim f(x) = lim g(x) = 0 and lim / (x )/g (x) exists. 

x-*o x-*a x-*a 

Show that 

lim f(x)/g(x) = lim/'(x)/p'(x). 

x~*o x—a 

This result is known as PHopital’s rule. 

Solution. We shall define f(a) = g(a) = 0. since nothing about the 
values off (a) and g(a) has been assumed in the hypotheses. Since the limit 
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of f'(x)/g'(x) as x -* a is being considered, this presupposes the existence 
of/ (x) and g'(x) in some interval containing a. We apply Cauchy’s M. V.T. 
to obtain, for all x in such an interval, 


fix) ~/(a) _ /'(c) 

9(x) - g(a) g’(c )' 

As in Problem 4.2, c depends upon x and 

9 (c(x)) g'(x) 

Moreover /(a) = g(a) = 0 and so the last two equations give 
x-a 9( x ) x ->a 9 (c(*)) jc - a 9 (*) 


This result applies when x - oo instead of xa, and it also applies 
when f(x) -> oo and g(x) -* cc as x -*• a. Many problems may be trans¬ 
formed so that the rule is directly applicable, and examples are given 
below. Readers may care to formulate general procedures based on these 
problems. 


Problem 4.6 Evaluate 


lim — 


lnx 


lira —---. 

x-* i sin (x — 1 ) 

Solution. Writing/(x) = lnx, g(x) = sin(x - 1 ), we have 
lim/(x) = lim g(x) = 0 . 

x-*l x~* 1 

Also/'(x) = 1 /x and g’(x) = cos(x - 1 ), so that 

lim f(x)/g'(x) = lim l/xcos(x - 1 ) = 1 . 

x-*l x-1 

Thus 1 Hopital s rule is directly applicable, giving 

lnx 


lim 


Problem 4.7 Evaluate 


-i sin(x - 1) 

.. cos 2 x — 1 
lira-=— 

x-0 * 


= 1 . 


Solution. Writing/(x) = cos 2 x - 1 , g(x) = x 2 , we have 
lim /(x) = lim g(x) = 0 . 

x-0 x-*0 

Also/'(x) = - 2 cos x sin x and g\x) = 2x so that 
lim f(x) = lim g\x) = 0 . 

x-0 x-0 


□ 
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However,/"(x) = 2sin 2 x-2cos 2 x and g"(x) = 2. Thus 
lim fix) = -2 and lim g"ix) = 2. 

x-*0 x-*0 

Repeated application of l’Hopital’s rule now gives 

fix) fix) fix) _ -2 _ 

lim —- = hm ——r = lim = -z~ = -1- 

x-»0 gix) x-»0 9 (•*) x-»0 9 (•*) ^ 

Problem 4.8 Evaluate lim x 2/5inU_ l) . 

X- 1 

Solution. Let h{x) = x 2/sin(x-1 ', then 


In h(x) = — 


2 lnx 


sin(x— 1 ) 

As in Problem 4.6. l’Hopital’s rule gives 

2 lnx 


lim — 
x - 0 sin(x-l) 


= 2 . 


Thus lim In h(x) = 2, so that lim h(x) = e 2 


x-1 


X- 1 


Problem 4.9 Evaluate lim (tanx-secx) 

x-»t* 

Solution. We have 

lim tanx = lim secx = — oo, lim tanx = lim secx = cc. 

x-*-Jx+ + x-ix — x-i* — 

However, we transform the problem as follows, 

1 cosxtanx —1 sinx —1 


tanx-secx = tanx — 


cos x 


cosx 


cos x 


Now lim (sinx —1) = lim cosx = 0 and so I’Hopital’s rule gives 

x-»i* 

. sinx —1 ,. cosx 

lim (tanx-secx) = hm -= lim —:— = 0 . 


x-*i* 


x—±x COSX 

It is important to verify that the requisite conditions are satisfied before 
applying l’Hopital’s rule, or errors will result For example, if 
/(x) = x 2 + 2x+4 and g(x) = 3x 3 + 2x, then 1’Hopital’s procedure 
would yield 

r /W , im 2 * + 2 - 4 

Urn—— = lim—— = lim- 35 —:=— , 

X -»1 9ix) x-*l 9 ix) x—l 9x +2 11 

whereas in fact lim fix)/gix) = 7/5. The error arises because/(x) and 0 (x) 

x-* 1 

both have non-zero finite limits as x -* 1 . so that the rule is inapplicable. 
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4.3 The Taylor Series 

Theorem 4.4 Taylor's theorem Let/(x) be a function with the properties 
that /'(x), f"(x), 1 ’(x) all exist and are continuous on the closed 

interval [a,b] and that/ ( ">(x) exists in (a,b). Then 

f(b) =f(a)+f\a)(b-a)+^(b-a)> + ... + ^-^(b-ar- 1 + R n (b) 

where the remainder term R„(b) may be given in several forms, including 
*JLb) = f — {a+ ^ b ~ a)) (b-ar (Lagrange’s form), 

K(b) = f ^a + Mb-a)) {l _^ Y _ l{b _ a)n (Cauchy , s form) 

where 6 and <p are numbers between 0 and 1, so that a < a + 0(b-a) < b. 


In many applications we require an expression involving powers of x, 
and we use the particular case of Taylor’s theorem with a = 0 and b = x. 
We then obtain 


fix) =/(0)+/'(0)x + 




2 ! 




where 


or 


f {n) (0x) 

R n( x ) = —Ti— x* (Lagrange) 


nl 


f in) (d>x) 

R n( x ) = (l-QY l x” (Cauchy). 


This result is sometimes known as Maclaurin’s theorem. The infinite 
series 


f(0)+f'(0)x+^x 2 +...+£-^x”+. 


2 ! 


nl 


is called the Taylor expansion of/(x) about x = 0. 

If in the formulation of Taylor’s theorem we abbreviate the notation to 
f(x) = S n (x) + R n (x), then we must clearly have 

lim [S n (x) + R n (x)] =/(x). 

n-*co 

However, the separate limits lim S„(x) and lim R„(x) need not exist, 

although if one limit exists then so must the other. For example if 
lim R n (x) exists, then writing S„(x) = f(x)-RJx) we see that 

n~* no 

lim S„(x) =/(x)— lim R„(x). 

»“♦ no n-»ro 


Thus either both limits exist, or neither exists. When both limits exist we 
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have 

/(x) = lim S„(x) + lim R n (x), 

n~* n-* no 

and so f(x) will be equal to lim S n (x), the sum of the infinite series, if and 

n-* no 

and only if lim K„(x) = 0. 

n— no 

We have not discussed the properties of infinite series in this book, 
neither have we defined the sum of an infinite series. For readers who 
have not met these notions, it should suffice at this stage to remark that 
the definition of lim R n is very similar to a definition such as lim /(x), 

ft-* no *-*GO 

given in §1.1, the main difference being that the variable n is restricted to 
positive integer values. 

Problem 4.10 Find the Taylor expansion about x = 0 of/(x) = ln( 1+ x) 
and determine the values of x for which R„{x) -*• 0. 

Solution. We first note that /(x) is defined only for x > — 1. For these 
values of x we then have 


f w (x) = 


-2.3 

( 1 +x) 


4 ' 


/'<*>=rb™- '“w-ffW' 

The pattern established leads us to conjecture that 

f , Hx) = (-ir+fr-m 
J w d+xr 

and this formula can be proved by the method of induction. We therefore 
have/ ln) (0) = (—1)" + l (n - 1)! so that the Taylor series for ln(l + x) is 

From the theory of infinite series we use the result that this series has a 
sum only for — 1 < x < 1, and so we need only be concerned with these 
values of x. The remainder term is given in Cauchy’s form by 

R (x) = Dui-^r 1 ^ = (-r'd-rv 


(1 +</>x)" (« — 1)! 

( -l)" +l (l-0)" 


(\+<f>xT 

where 0 < 4> < 1. 


p m _ (~i r^a-^r 1 _ (-lryi-^ V ^ ft 

Rn{{) (l+W (l -<t>) V +<t>) 


(i +<t>r 

since 0 < (1 -<#»)/( 1 +<!>)< 1. For 0 sg x < 1 we have 

0 as n 


as n 


oc. 


(1 _,*)»-‘x” 

\R n (x)\ = 1 .. < x" 


(1 +<t>xT 


oc. 
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0 as n -*■ oo. 


For — 1 < x < 0 we have 


(1-0)" Mxl" _ 1 ^|x|-0|x|Y 

(l-0|x|)" 1 —0^ 1-0UI ) 


since 0 < (|x|-0|x|)/(l —0|x|) < 1. Hence R n (x) - 
values of x satisfying — 1 < x ^ 1. 


0 as n -* oc for all 

□ 


Problem 4.11 Find the Taylor expansion about x = 0 of the function 
f(x) defined by 

f(x) = 11x1 (x # 0), /(0) = 0, 

and determine those values of x for which R„(x) -» 0. 

Solution. From Problem 2.28/‘">(0) = 0 for all values of n, and so the 
Taylor series/(0) +/'(0)x +?f"(0)x 2 +... is identically zero. Furthermore, 
since fix) = S„(x) + R n (x) we must have S„(x) = 0 and R„(x) = fix) for 
all values of n and all values of x. Thus if x ^ 0. R n ix) -f* 0. □ 

This problem is important as it shows that even when a Taylor series 
possesses an infinite sum, that sum need not be equal to the value of the 
function. 


4.4 Errors and Approximations An important application of Taylor’s 
theorem is that it provides a polynomial approximation for a function/(x). 
In using such an approximation we are concerned with possible errors, 
and in the problems in this section we estimate the error from the magni¬ 
tude of the remainder term. 


Problem 4.12 Find a polynomial approximation for ln(l+x) for 
0 ^ x ^ 1/10 with an error of at most 10 -6 in magnitude. 

Solution. Using the Taylor series for ln(l -l-x) derived in Problem 4 10 
the remainder R„ix) is given in Cauchy’s form by 


Rnix) = 

and so for x > 0 we have 


(-U" +1 (l-0r‘x" 

d+0x)" 


" ( }l “ 1T+0X)" * * • 


Thus for 0 < x =$ 1/10 we have \R„ix)\ < 1/10". In order to achieve 
|K„(x)| < 10 we must therefore take n = 6, and the requisite poly¬ 
nomial approximation is 


Pix) 


X 2 X 3 

X ~Y + T~ 
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We can now evaluate approximately ln(l+x) for any value of x in 
[0, 1/10]. For example, taking x = 1/10 we have 
111 11 
ln 11 - To - 200 + 3000 40000 + 500 000 

= 01-0005 + 00005-0000025 + 0000002 = 00953105. 

The error | R 6 (l/10)| is at most 10 -6 , giving a possible error of +1 in the 
sixth decimal place. We can therefore say that ln H = 0-09531 correct 
to 5 decimal places. D 


Problem 4.13 Evaluate <V803 correct to six decimal places. 

Solution. We shall first find the Taylor series for fix) = ^x, taking 

fix) = /(8) +/'(8Xx - 8 )+(^ - 8) 2 + • • • + (x-%)*-' + R n (x\ 

where, using Lagrange’s form of the remainder, 

/ (n) (8 + 0(x - 8)) 
n! 


-(x —8f. 


Rnix) = 

Now since fix) — x*, 

/'(x) = ix - *, /"(*) = f*\x) = $. f.f x“*. 

The pattern established leads to the conjecture that 

/<">(x) = (-1)" +1125 " 3 1 3W —x-"^», 
which may be proved by the method of induction. Thus we obtain 
w ,)i _ 


W! 


. 1-2-S.(3n-4) 4 

3".n! 

1.2.5.(3n—4) 2 1 

n\ 8" 100" 

1.3.6.9.(3n—3) 2 1 

n\ 8" 100" 


& 


‘.2 


< 10" 7 provided n > 3. 


n. 800" 

Thus the first three terms of the expansion will provide the required degree 
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of accuracy, and so 

V8-03 ~ 8 * + i. 8 - «(0-03) - i. | (0-03) 2 

= 2 + (0-01)/4—(0-01) 2 /32 
= 2 + 00025 - 0-000003 125 = 2002496875. 
Since |R 3 (8-03)| < 10“ 7 there is a maximum possible error of + 1 in the 
seventh decimal place and so ^8-08 = 2-002497 correct to six decimal 
places. 

It should be noticed that in estimating the error we have increased 
parts of the remainder term in order to simplify the calculations, without 
increasing the number of terms of the Taylor series which have to be 
evaluated. □ 


EXERCISES 


1. Verify that the following functions satisfy the conditions of Rolle’s 
theorem in the stated intervals, and find the values of c in those intervals 
for which /'(c) = 0 . 

(i) /(x) = cos x in [ - In. 2n] ; 

(ii) /(x) = x 3 - 6 x 2 + llx — 6 in [1,3]. 

2. Investigate possible numbers and location of solutions of the equa¬ 
tion x" + px + q = 0 . 


3. Evaluate the following limits: 


(i) lim 


In sin 5x 
o In sin 2 x 


ft sinh x 


(ii) lim 


-e* 


-o sinh x — x 


(iii) lim (sin 2 x) 1/tx ** )J . 


4. Find the Taylor expansion about x = 0 of sinh x and evaluate 
sinh (005) correct to five places of decimals. 
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Chapter 5 
Integration 


5.1 Definitions Let /(x) be a function defined on the interval [a. b]. If 
there is a function F(x) with the property that, for all values of x in the 
interval [a, ft]. F(x) is differentiable and F'(x) =/(x), then F(x) is called 
an indefinite integral (or primitive) of/(x) over [a,b]. If G(x) is another 
indefinite integral of/(x) over [a, 6 ], then it can be shown that there is a 
number c such that for all values of x in [a, f>], F(x)-G(x) = c We shall 
write 


j/(x)dx =F(x) 

where the equality symbol here indicates that F(x) is one of the indefinite 
integrals of/(x) over [a,b]. When, as is often the case./(x) is defined for 
all real values of x and F'(x) = /(x) for all real x, we drop the reference to 
[a,f>] and say that F(x) is an indefinite integral of/(x). The integral is 
easily shown to be linear in the sense that if F(x) = f f(x) dx and 
G(x) = f g(x) dx then for any real numbers h and k, 

h F(x) +kG(x) = f (hf (x)+ kg(x)) dx. 

The definite integral of/(x) over an interval [p, q] is defined as F(q) - F(p). 
This number is independent of which indefinite integral F(x) of /(x) is 
used. We write 

F(q) — F(p) = P/M dx. 


5.2 Simple Extensions In this section we give a number of problems in 
which the function whose integral is to be found can be reduced by 
algebraic manipulation so that one of the standard formulae from the 
table of indefinite integrals can be applied. 

The table, which is given on the next page, has been built up by using a 
knowledge of differentiation to find a function F(x) such that F'(x) =J(x). 
In the third column allowable intervals are indicated. Thus the third entry 
denotes that ln|x| is an indefinite integral of 1 /x over any interval con¬ 
sisting entirely of positive numbers, or entirely of negative numbers, but 
not over any interval including zero. 
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fix) 


F(x) 


Table of indefinite integrals 


allowable intervals 


c = constant 

cx 

all real x 

X" id* - 1 ) 

x* + 7a+ 1 

all real x 

1 /x 

In |x| 

x jt 0 

sinx 

— cosx 

all real x 

cosx 

sinx 

all real x 

sec 2 x 

tanx 

x # in + 

c* 

c* 

all real x 

coshx 

sinhx 

all real x 

sinhx 

coshx 

all real x 

sech 2 x 

tanhx 

all real x 

i 

- tan 1 - 

all real x 


x z + a 

a a 


1 

1 cnth-i* 

|x| > 1 a| 

,2 2 

-com — 

x z — a z 

a a 

i 

1 , -i x 

- tanh 1 - 

|x| < |a| 

2 2 

a z — x 1 

a a 

1 

sinh -1 - 

all real x 

V (^ 2 + « 2 ) 

a 

1 

cosh " 1 - 
a 

l*| > |a| 

,/<*=-» 2 ) 

1 

• -i x 

sin - 
a 

|x| < |a| 


We first give three general results. 


Problem 5.1 Show that if F(x) = f/(x) dx then 
“ F[ax + b) = J/(ox + b) dx. 

Solution. As with all equations involving indefinite integrals, the relation 
Fix) = .( fix)dx is to be interpreted as meaning that for all values of x 
in an appropriate interval F(x) = fix). Thus using the chain rule, if 



G(x) = -F(ax + b), 
a 


we have 

G'ix) = - F'iax + b). a = /(ax + b). . 


Hence 

~Fiax + b) = J/(ax + b) dx. 

□ 

48 




Problem5.2 Show that if Fix) = f/(x) dxthen F(g(x)) = ffig(x)) g\x)dx. 
Solution. Let G(x) = F(g(x)). Using the chain rule we obtain 
G'(x) = F\gix))g'ix) = figix))g\x\ 
since Fix) = f fix) dx stands for F'(x) = fix). Hence 

F(ff(x)) = G(x) = \figix))g'ix)dx. 

The result of Problem 5.1 can be deduced from this result by letting 
gix) = ax+b and using linearity. □ 


Problem 5.3 Show that if G(x) = f gix) dx then In | G(x) | = f [g'ix)/gix)] dx. 

Solution. This is a particular case of the result of Problem 5.2 obtained 
by putting/(x) = 1 /x; it is a case which is often useful. □ 


Problem 5.4 Find an indefinite integral of/(x) = (2x 3 - 4x + l)/(x - 1). 
Solution. By division we have 


2x 3 - 4x + 1 
x - 1 


= 2 x 2 + 2 x 


- 2 - 


1 

x - r 


Linearity therefore gives 


= §x 3 + x 2 — 2 x — ln|x — 1 |, valid for x 1 . □ 


Problem 5.5 Find an indefinite integral of/(x) = sin 4 x cos x. 

Solution. This is a direct application of Problem 5.2 with/(x) = x 4 
and gix) = sin x. Thus, since x s /5 = (x 4 dx, we have 


- sin 5 x 


-{sin' 


x cos x dx. 


□ 


Problem 5.6 Find an indefinite integral of/(x) = er /x / y /x. 

Solution. Apart from a constant factor fix) is the derived function of 
e Jx . In fact, if gix) = e^ x . the chain rule gives 

g'ix) = e^-ix'* = i/(x). 


Hence j fix) dx = 2gix) = 2ef*. 


□ 


Problem 5.7 Find an indefinite integral of/(x) = x^/( 1 + x 2 ). 

Solution. This may be done as in Problem 5.6, or regarded as a special 
case of Problem 5.2, with/(x) = V(1 + x) and gix) = x 2 . We then have 



+ x 2 ) dx 



+ X 2 ) dx = H (1 + x 2 )* = i0 + * 2 )*. □ 
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Problem 5.8 Find an indefinite integral of/(x) = sin mx cos nx. 

Solution. Many examples of this type rely on the use of trigonometrical 
identities to reduce the function to a standard form. We use the identity 

sin-4 + sin B = 2sin&4 + B)cos$(-4-B) 
to obtain sin mx cos nx = j sin (m + n)x + j sin(m - n)x. 

We then have, using linearity and Problem 5 . 1 , 

Jsin mx cos nx dx = jjsinfm + n)x dx + \ jsinfw - n) x dx 
- cos(m + n)x ^ - cos( m - n)x 


2 (m+n) 


2(m—n) 


Problem 5.9 Find an indefinite integral for/(x) = l/(a - cos x), where 
a > 1 . 

Solution. We use the trigonometrical identity cosx = 1 - 2sin 2 |x. We 
then have 

sec 2 "jx dx 


f dx r dx f 

Ja-cosx J 2 sin 2 |x-l +a ~ J 

r i. v /7v 


2 tan 2 |x4 -(a — l)sec 2 \x 

sec 2 \x dx 


_ f sec 2 {x dx 1 f 

J (a+ l)tan 2 ^x+(a— 1 ) _ a+TJ 

“:W(;£0 x2 “""( , “ 


tan 2 ?x 4- (a — 1 )/(a +1) 


(*"1* 




using Problem 5.2 together with a standard formula. 


Problem 5.10 Find an indefinite integral for/(x) = ( 2 x + 3 )/(x 2 - 3x + 2 ). 
Solution. Using the algebraic device of partial fractions we have 

2*+3 _ 2x+ 3 7 5 

x 2 — 3x4-2 (x—2Xx — 1 ) ~ x^2 ~ x^l 

We then have 

f 2x4-3 f 7 f 5 

Jx 2 —3x4-2 ~ }^2 dX ~ )^Ti dx = 7 ln|x—2| —5 ln|x —1|, 

the result being valid over any interval which excludes the numbers 
x = 1 and x = 2 . q 

Problem 5.11 Find an indefinite integral of/(x) = ( 2 x 4 - 3 )/(x 2 - 4 x 4 - 5 ). 
Solution. Unlike Problem 5.10 the denominator does not have real 
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roots. We complete the square to obtain x 2 -4x-l-5 = (x-2) 2 4-l. We 
then have 

= ln|x 2 —4x4-5|4-7tan _, (x —2), 

using Problem 5.3 and a standard formula. □ 


All rational functions may eventually be reduced to polynomials and 
combinations of functions of the types dealt with in the previous problems. 

Problem 5.12 Find an indefinite integral of/(x) = (x 4- 2 )/J (x 2 - 4x 4- 3). 

Solution. As in Problem 5.11, we may complete the square in the 
denominator. We then write 


I 


x4-2 


^/(x 2 —4x4-3) 


dx 


=1 


x —2 


i* + l: 


V(x 2 —4x + 3) J V((x — 2) 2 — 1 ) 


dx 


= y/(x 2 - 4x 4- 3) 4- 4 cosh " *(x - 2), 
the result being valid over any interval which does not contain points of 
the interval [ 1 ,3]. E 


5.3 Changing the Variable This method is a consequence of the chain 
rule for differentiation and was derived for indefinite integrals in Problem 
5.2. What was not stressed in that example, however, was that in changing 
the variable the intervals over which the integration is valid may be 
altered. This is particularly important when dealing with definite integrals. 
A full discussion of the theory is outside the scope of this book: it invol ves 
a careful consideration of the role of possible inverses of the function 
x = g(t) used to change the variable. 

Problem 5.13 Find an indefinite integral for /(x) = \Jx/{ %/x — >/x). 

Solution. We make an algebraic substitution which transforms the 
function into a rational function. Let x(t) = f 6 , then x (t) = 6 1 ~. The 
equation f/(x) dx = f/(x(f))x'(t) dt applied in the present example gives 



= 6j|^-f 4 4-t 3 -t 2 4-t-l 

#6 f5 *4 *3 *2 

= 6 L_ 6 i-4-6^--6y4-6 T -6t4-61n|t-l| 
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= x-l ®/x 5 + f^x 2 -27x+3^x-6^x+61n|«/x-l|. 

□ 

Problem 5.14 Find an indefinite integral for/(x) = (x 2 - \)/xJ(x-2). 

Solution. We make a substitution to remove the square root. Let 
x(t) = t 2 +2. then x'(t) = 2 1. We then have 

_ t 3 2 . t 

= 2—+4 1 —j-tan 1 — 

3 yj2 J2 

= § n/(x - 2) 3 +4 7(x - 2) - 72 tan “ 1 7&c -1). □ 

Problem 5.15 Find an indefinite integral for/(x) = J(b 2 -x 2 ). 

Solution. This is an example of an integral which can be evaluated by 
one of the important class of trigonometrical substitutions. Let 
x(f) = b sin t, then x'(t) = b cos t. We then have 

j>J(b 2 —x 2 ) dx = b 2 sin 2 t)bcost dt = |b 2 cos 2 tdt 

= ib 2 1(cos 2t+1) dt = Ab 2 (i sin 2 1 + 1 ) 

= ib 2 sintcosf+^b 2 f 

- i x \/(b 2 -x 2 )+ ^b 2 sin " l (x/b). □ 

Problem 5.16 Find an indefinite integral for/(x) = 1 /(2 sin x+cos x). 

Solution. This, and many similar integrals, may be evaluated by the 
transformation x(f) = 2tan _l t, i.e. t = tan^x. We then have 

2 2t 1 -t 2 

s,ni = rf?’ 

so that 




f dx _ f 2dt f 
J2sinx+cosx J 2.2t+l-t 2 _ J 


2dt 

1+4 t-t 2 


-2 dt 


=1 

= J (7^2—V5)75 + j(7^2T; 


(t-2-75Kt-2 + 75) 

-1 dt 


2 + 75)75 


= -(l/75)ln|(t-2-75)|+(l/75)ln|(t-2 + 75 )| 

= - (l/75)ln | (tan *x - 2 - 75) | + (l/75)ln | (tan \x - 2 +75) 1. 


Problem 5.17 Evaluate the integral 

r *' 4 dx 


1 4cos 2 x+3sin 2 x 
J 0 

Solution. We make the substitution x = tan _l t, i.e. t = tanx. In 
evaluating a definite integral it is not necessary to change back to the 
original variable as we have done in the previous four examples, instead 
we alter the interval of integration. The interval [0,7t/4] is transformed by 
the substitution x = tan _, f into the interval [0.1]. The integral thus 
becomes 

sec 2 x 


(- sec 2 x J f 1 dt if* dt 

Jo 4+3tan 2 x * J 0 4+-3t 2 3 J 0 t 2 +4 


+4/3 

= 7(|) tan - 1 7(|) t] ‘ =( 1 / 712 ) tan - 1 71 □ 

The relationship between the indefinite and definite integrals has been 
indicated by the use of the notation [F(x)]« to stand for F(q)-F(p). We 
first find an indefinite integral and then evaluate it at the two endpoints 
of the interval of integration. 

5.4 Integration by Parts In the previous section we considered a method 
arising from the chain rule. The method of this section is a consequence 
of the product rule for differentiation. The formula to be applied is 

| /(x) g{x) dx = /(x) G(x) - j/'M G(x) dx, 

where G'(x) = g(x), i.e. G(x) is an indefinite integral of g(x). The central 
problem in applying this result to evaluate f h(x) dx is to express h(x) as a 
product h(x) = f(x)g(x) in such a way that the right-hand side of the 
formula can be evaluated with ease. 

Problem 5.18 Find an indefinite integral of the function Ai(x) = xe*. 

Solution. We apply the formula of integration by parts using/(x) = x 
and </(x) = e*. We then have G(x) = e* and so 


jxe* dx = xe x — j 


1 .e? dx = xe x —e x . 


Problem 5.19 Find an indefinite integral for the function h(x) = x 2 cos x. 
Solution. In this example it proves necessary to integrate by parts twice. 
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In the first instance we set /(x) = x 2 and g(x) = cos x so that G(x) = sin x. 
We then have 

| x 2 cos x dx = x 2 sin x — j*2x sin x dx. 

We now apply the formula to evaluate f 2x sin x dx and obtain 
jx 2 cosxdx = x 2 sinx —2x(—cosx)+ j 2( - cos x) dx 

= x 2 sinx+2xcosx—2sinx. □ 

Problem 5.20 Find an indefinite integral for h(x) = (ln 2 x) N /x. 

Solution. In this example it is not immediately clear whether it is most 
advantageous to set /(x) = yjx or /(x) = ln 2 x In a situation such as 
this one must try both approaches. For this particular example if we try 
/(x) = yjx and g(x) = ln 2 x it becomes apparent that we cannot find 
easily an indefinite integral G(x) for g(x) = ln 2 x. We therefore set 
f(x) = ln 2 (x) and g(x) = y/x so that G(x) = fx*. We then have 

J(ln 2 x) > /xdx = (ln 2 x)fx*-j2(lnx)(l/x)§x* dx 

= (ln 2 x)§x 4 - (4/3) | (In x)x* dx. 

We now integrate by parts once more to obtain 

|(ln 2 x) > /x dx = 0n 2 x)fx*-(4/3)[(lnx)§x* - J (l/x)fx*dx] 

= f(ln 2 x)x*- (8/9Xln x)x* + (16/27)x*. □ 

Problem 5.21 Find an indefinite integral for /i(x) = In x. 

Solution. It is not clear from the nature of the function h(x) that integra¬ 
tion by parts is applicable. However, by setting /(x) = lnx and g(x) = 1 
we obtain 

Jlnxdx = xlnx—J(l/x)xdx = xlnx-x. □ 

Problem 5.22 Find an indefinite integral for h(x) = e x cos 2x. 

Solution. We let /(x) = cos2x and ^(x) = e*. We then obtain, on 
integrating by parts twice, 

jcos 2x.e* dx = cos2x.e*— J" —2 sin 2x.e JC dx = cos2x.e*+2 j*sin2x.e x dx 
= ^*cos 2x+2(sin 2x.e x — j 2 cos 2x.e* dx) 


= e x cos 2x + 2e x sin 2x 


-I 


cos 2x.e* dx. 
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This seemingly brings us back to the integral we began with. However, 
we now have a relation which we can rearrange to give 

5 je^cos 2x dx = e x cos 2x + 2e x sin 2x, 
i.e. |c Jt cos2x dx = |e x cos2x+|e x sin2x. □ 

5.5 Reduction Formulae In some of the problems in the previous section 
it was necessary to integrate by parts twice. The problems in this section 
give rise to integration by parts n times. In such cases it is often algebraic¬ 
ally convenient if the integral /„ = J7„(x) dx can be expressed in terms of 
and possibly in terms also of integrals l T with r < n- 1. Such an 
expression is termed a reduction formula. 

Problem 5.25 Find a reduction formula for /„ = J (lnx)" dx, and use it 
to evaluate j' (In x) 4 dx. 

Solution. We write /(x) = (lnx)" and g{x) = 1. Integrating by parts 
then gives 

/„ = (Inx)"x — | n(lnx)" _1 (l/x)x dx = (lnxfx-n/^!- 

This gives the required reduction formula. To find the definite integral we 
apply the formula to give 

J''(lnx)" dx = (lne)"e—(In l)"l -n (lnx)" -1 dx. 

Thus, since In 1 = 0, we have 


| (lnx) 4 dx = e-4 j (lnx) 3 dx 

= e-4^-3 j^lnx) 2 dx j 

= —3e+12^?—2 j^lnxdxj 
= 9e—24[(elne—e)—(1 In 1 — 1)] 


= 9^ — 24, using Problem 5.21. □ 

Problem 5.24 Find reduction formulae for the integrals 
/„ = | x"sin x dx, J H = j x"cos x dx. 

Solution. To find an indefinite integral for x"sinx, let /(x) = x", 

55 


E 









0(x) = sin x, and integrate by parts to obtain 

K = x"(-cosx)- |«x" -1 (-cosx)dx = -x"cosx+nJ I1 _ l . 
Similarly 

J n = x"sinx—n/„_,. 

To obtain a formula involving only Is we use the second equation to 
eliminate the Js as follows: 

/„ = x"cos x 4- nJ H _ j = - x"cos x + n(x” “ 1 sin x - (n -1) /„ _ 2 ) 

= —x"cosx+nx" - ‘sinx—n(n — l)/ n _ 2 . □ 


5.6 Differentiation of Integrals There are basically two situations in 
which integrals are differentiated. The first is where the variable occurs in 
the function to be integrated, and the second is where the variable occurs as 
an end-point of the interval of integration of a definite integral. We quote 
first two theorems which give conditions under which the processes are 
valid, and then solve one problem containing both types of differentiation. 

Theorem 5.1 Let /(x) = £ g(t) dt. If the function g(t) is continuous at x 0 . 
t.e. if lim g(t) - g(x 0 ), then/(x) is differentiable at x 0 and/'(x 0 ) = g(x 0 ). 

Every function which we have encountered in the problems in this 
chapter has been continuous in the intervals of integration, and so this 
theorem is widely applicable. 

Theorem 5.2 Let f(x. t) be continuous as a function of t for c < t ^ d. 
for each x in some interval [a,b]. Suppose also that the partial derivative 
f x (x, t) is continuous in the region a<x<b. c^t^d. Then if 

E(x) = | /(x, t) dt, 

we have F\x) = 

for all x in (a,b). 



An acquaintance with the definition of a partial derivative and its first 
simple manipulations is all that is required for Problem 5.25, which is 
worked in much more detail than would be needed when familiar with 
the operations. (Partial derivatives are treated in L. Marder, Calculus of 
Several Variables , in this series.) 


Problem 5.25 Let 


F (x) =Q exp (~t 2 )dtj , G(x) =| 


exp[—x 2 (r 2 +1)] 
f 2 +l 


dt. 


56 


Evaluate F'(x) and G'(x) and use these to find a relation between F(x) 
and G(x). Deduce that 

lim f exp {-t 2 )dt = 

X~+ no J 0 

Solution . Write 

/(x) = f exp( — f 2 ) dt. 

J 0 

Then F(x) = (/(x)) 2 and, from the chain rule. F'(x) = 2/(x)/'(x). We 
can evaluate/'(x) using Th. 5.1, since exp(-£ 2 ) is continuous for all t. 

Thus we have f(x) = exp( -x 2 ) and so 

F'(x) = 2exp(—x 2 ) 1 exp (-t 2 )dt. 

J 0 

For G'(x) we use Th. 5.1 Writing/(x,f) = exp[-x 2 (f 2 + 1)]/(t 2 +1) it 
follows that 


/*(x,t) 

Hence 


-2x(t 2 + 1 )exp [—x 2 (f 2 H-1)] 
£ 2 + l 


-2xexp[-x 2 (t 2 + l)]. 


G'(x) = f — 2x exp ( —x 2 t 2 ) exp(—x 2 )dt 

Jo r 1 

= — 2exp(—x 2 ) J xexp(—x 2 t 2 ) dt. 

(We may take exp( -x 2 ) outside the integral since we are integrating with 
respect to t.) We now change the variable, letting u(t) = xf, to obtain 


G'(x) = — 2exp(—x 2 ) | o exp(-u 2 )du. 

It follows that F'(x)+G'(x) = 0, and so F(x)+G(x) = constant. To find 
the value of this constant we put x = 0. Clearly 

F(0) =0, G(0) = j^ dt/( 1 + r 2 ) = tan” 1 1 = in. 

Thus for all x, F(x)+G(x) = in. We shall now prove that G(x) ->• 0 as 
x -> oo. For all i in the interval [0,1] we have 

0 < exp[-x 2 (t 2 +l)]/(t 2 + l) exp( — x 2 ). 

Thus 0 sj G(x) < exp( -x 2 ) and so G(x) 0 as x -* cc since 
exp(-x 2 )-»0 as x -*■ oo. 


Thus 


lim F(x) = lim (F(x)+G(x))— lim G(x) = in—0. 

X-»*> X->00 x-*co 
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It follows that 


lim f exp{—i 2 ) it = = \J n . 

x—coJO v 

Results such as this properly belong to the theory of infinite integrals, 
which lies outside the scope of this book. □ 


5.7 The Integral as a Sum In this section we outline an alternative 
method of defining a definite integral which is important for many 
geometrical and physical applications. We shall not give any analytical 
proofs m this section, but refer readers to a book which deals with 
Riemann integration (e.g. D. A. Quadling, Mathematical Analysis, Ch. X 
Oxford University Press, 1955). 

Let [a,b] be a closed interval and let /(x) be a function defined on 
[a,ft]. A dissection of [ a,b ] is a finite set of numbers {x 0 ,x,,x 2 ,...,x B } 
satisfying a = x 0 < x, < ... < x„ = b. Let t r be any number satisfying 
x r-i < t, sg x r (r = 1,2, The theory of the Riemann integral then 
says that for an appropriate type of function/(x) the sum 

n 

Z /(0(x r-Xr-i) 

r = 1 

tends to a limit as the length of the largest interval of the dissection tends 
to zero. This limiting process is more complicated than that introduced 
in Chapter 1, and its details are omitted here. It can be shown that if the 
function/(x) can be integrated over [a,b] in the sense of § 5.1 then this 
limit is equal to the integral obtained by the method of that section. We 
shall therefore write 


fl i* 

I /(a*r-X,-i)- /(X) dx 

!•= 1 Jo 

as max(x r —x r _,) -* 0. 


Problem 5.26 Evaluate J 2 x 3 dx by summation. 

Solution. We subdivide the interval [0,2] into n equal parts so that 
x - 2r/n (r = 0. 1 , 2 ,.... n). We may take t, to be any point in the interval 

[x r _„x r ], and so we shall choose t, = x,_,. We then have to evaluate 
the sum 


i fMter-Xr- x) =1 1) T 2 =~t (r — l) 3 

' r^i \ n ) n n* r " 


As n 


16(n-l)V 
n 4 4 



-4 


as n -» oo. 


x the lengths of the intervals of the subdivision tend to zero and 
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so we have x 3 dx = 4, a result readily confirmed by the usual methods 
of integration. To illustrate the possibility of choosing alternative values 
for t„ we shall carry out the calculations with t r = x, instead of t r = x r _,. 
In that case 


Z /(LX*r-*r-i) 

r— I 



4 


as n -» oo. □ 


Problem 5.27 By dividing the interval [1,2] at the points 
x r = 2 r/ " (r = 0,1,2,. ..,ri) 
prove that J 3 dx/x 2 = Hence deduce that 

/ 1 1 1 1 
1™ "V(n+l) 2+ (n + 2) 2+ " + (2n)V 2* 

Solution. We take t r = x r _, and the sum corresponding to the sub¬ 
division is then 


r« 1 




n 

— Xi 2(r- l)/« 

.(2--1) [l-(^)"]/[l-^] 

= 2 l/ "(l- 2 ) asn->oo. 

Hence | 3 dx/x 2 = {. If we now subdivide the interval into equal parts by 
taking x r = 1 + rIn (r = 0, l,2,...,n) and t r = x„ we obtain the sum 


Z /(LX*r-* r -i) = Z 


1 1 


- =»z 


1 


r= 1 


(l + r/w) 2 n " (n+r) 2 ’ 

The theory tells us that this sum must also tend to dx/x 2 = ^ as n -* oo, 
and this evaluates the required limit. □ 


EXERCISES 


1. Find indefinite integrals for the following functions: 
(i)x(x 2 + 3) 4 (ii)tanx 


.. x 3 + 2x 2 -4 

(Ul)—5- , (IV) 


x 2 —5x+6 


3x 2 —2x+1 
x 2 +x + 6 
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2. Find indefinite integrals for the following functions by changing the 
variable: 


(i) 


1 

a+bcoshx 


(a > b) 


(ii) 


x+3 

x+2 s /(x- 1) 


(iii) (a 2 —a- 2 ) 1 


3. Find indefinite integrals for the following functions by the method of 
integration by parts: 

(i) x tan 1 x (ii) x 2 cosh x (iii) cos x cosh x (iv) sin ~ 1 x 

4. Find relations between the integrals / = f sin bx dx and 
J = J ^ cos bx dx by integration of each by parts. Hence find explicit 
formulae for / and J. 


5. Show that if /„ = tan"xdx then /„ = U -- , - +I„. 2 . Use this 

n— 1 

f “ /4 

formula to evaluate tan 7 x dx. 

J o 

6. Find the limit as n -»• oo of 


1 1 J_ 

w+1 n+2 + "*"2n 
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Chapter 6 

Geometrical and Physical Applications of 
Integration 


In applying the process of integration to geometrical and physical 
situations we shall not develop all the theoretical aspects of the work. 
We shall quote certain results and regard the chapter mainly as an 
illustration of the techniques introduced in Chapter 5 V 

6i1 Plane Areas 

Problem 6.1 Find the area of the region bounded by the parabolas 
f(x) = 2x 2 , g(x) = 3x 2 + 5, and the line y = 8. 

Solution. Fig. 6.1 is a sketch of the region. Considerations of symmetry 



Fig. 6.1 

enable the required area A to be built up as follows, denoting by a(R) the 
area of a region R. 

A = 2a(OABCD) = 2[a(OACD) + a(ABC)] 

= 2[a(OPCD) - a(OPA)+a(PQBC) - a(PQ BA)] 

= 2 []>) dx - J ‘ f(x) dx+PQ.Q B-j J(x) dx] 
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= 2 [j J3x* + S)dx+8 - j\c 2 dxj 

= 2{'[x 3 + 5x]‘ + 8-|3x 3 ] 2 } = 2(6+8 —5$) = 17f □ 

The geometrical result utilized in this problem is that the region 
bounded by the non-negative function/(xX the x-axis and the vertical 
lines x = a and x = b has an area given by £ /(x) dx. If/(x) is negative 
then the value of the integral will also be negative. In finding areas, 
therefore, care must be taken over the sign of the function, as in the 
following problem. 

Problem 6.2 Find the area of the region bounded by the curve 
f{x) — xsinx and the x-axis between x = 0 and x = 2n. 

Solution. The region is sketched in Fig. 6.2. It comprises two parts. 



The areas of the two parts will be calculated separately, taking the sign of 
fix) into consideration. 

j o xsinx dx = [x(-cosx)]$-j o (-cosx)dx 

= 7r-[-sinx]5 = jr. 

-j. * sin x dx = -[x(-cosx)] 2 "+[-sinx] 2 * = 3n. 

Thus the total area of the region is 47t. Without taking the sign of/(x) 

into account, the calculation of f{x)dx would lead to the incorrect 
result of -2n. ^ 
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6.2 Volumes of Revolution The volume of a solid obtained by rotating 
the plane region bounded by the graph of the non-negative function/(xX 
the lines x = a, x = b, and also the x-axis, about the x-axis, is given by 
the formula 

V = 7tj a (/(x)) 2 dx. 

Problem 6.3 A circular pulley is constructed with cross section through 
its centre as illustrated in Fig. 6.3. Find the volume of the pulley. 



Solution. The pulley can be regarded as being generated by the shaded 
region being rotation about the x-axis. The volume may be found by 
subtracting pieces from the cylinder generated by rotating the rectangle 
APP'H about the x-axis. All the pieces to be subtracted will be cylinders 
with the exception of the piece generated by the circular groove in the 
pulley. The volumes of the cylinders are: 

viAPPH) = 2na 2 (b + c), 
v(DQQ'E) = 2nh 2 b, 
v{ BPQC) = v{FQ'P'G) = nd 2 c. 

The circular arc KJl has equation y = a-yjib 2 -x 2 )(-b < x < b) and 
so the volume generated by rotating the semicircle round the axis, i.e. the 
volume of the groove in the pulley, is given by the following expression 
(the required integral is discussed in Problem 5.15): 
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v(KJI) = 2na 2 b — ttJ* (a—yj(b 2 —x 2 )) 2 dx 

= 2na 2 b-n(a 2 -2dy/(b 2 -x 2 )+b 2 -x 2 )dx 

= {_ fc 7( fc2 “ x 2 ) dx ~* j_ 6 fc ( b 2 -x 2 )dx 

= 2na.$nb 2 -n[b 2 x-$x 3 ]l„ = n 2 ab 2 -4nb 3 /3. 

The total volume of the pulley is therefore given by 

V = 2na 2 (b+c)—2nh 2 b — 2nd 2 c—n 2 ab 2 +4nb 3 /3. □ 

Readers should choose realistic numerical values for the dimensions of 
the pulley and obtain a numerical value for V. 

Problem 6.4 Find the volume of the solid obtained by rotating the 
region bounded by the hyperbola xy = 1 and the line x+y = 2 J2 about 
the line x = y. 

Solution. We first change the coordinate system so that the line y — x 



becomes the new x-axis (see Fig. 6.4). The equations which govern the 
transformation of coordinates are 

* = (-^o-J'oW 2 - y = (x 0 +y 0 )/j2. 

Readers not familiar with this type of transformation will find it discussed 
in a book in this series, F. Brickell, Matrices and Vector Spaces. 

The line x+y = 2^/2 now becomes the line x 0 = 2, and the hyperbola 
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xy = 1 becomes Xo-yo = 2. The arc bounding the shaded region in 
Fig 6.4 therefore has equation y 0 = y/(xl~ 2). The point A has new 
coordinates x„ = s/2, y 0 = 0, and the point C has coordinates x 0 = 2, 
y 0 = 0. Thus the volume is given by 

V = 7t| (x%-2)dx 0 = n I^Xo—2xoJ = n^(j2-\). □ 

There are many solids which are not solids of revolution. Some of 
these are discussed in L. Marder, Calculus of Several Variables, in this 
series. 

6.3 Surfaces of Revolution The formulae used in this and the following 
application involve the derivative as well as the integral. We make use of 
the result that the surface obtained by rotating the arc of the graph of the 
non-negative function f(x) between x = a and x — b about the x-axis 
has an area given by 

A=2it£f(x)J(l+f'(x) 2 )dx. 

If the curve is described parametrically the corresponding formula is 
A = 2?r yit)y/(x'(t) 2 +y'(t) 2 )dt. 

Problem 6.5 A parabolic telescope mirror has diameter across its rim 
2m, and a depth of 0-2 m. Find the surface area of the mirror. 

Solution. We must first find an algebraic description of the mirror. We 
may regard it as being formed by rotation about the x-axis of the parabolic 
arc OP in Fig. 6.5. The measurements tell us that P has coordinates 



(02,1). Substituting these in the standard form y 2 = kx for the equation 
of a parabola gives k = 5. The arc OP is then represented by the equation 
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y = y/5x (0 ^ x ^ 02). Thus /(x) = %-J(5/x) and so the surface area of 
the mirror is given by 

A = 27t jo y/5xy/(l + 5/4x) dx = 71^/5 y/(4x+5)dx 

= *V5[fi(4x+5)*]g- 2 = jrV5(5.8*-5*)/6 ^ 3-25 m 2 . □ 

Problem 6.6 Find a formula for the surface area of a torus. 

Solution. We must first decide which measurements to use to obtain a 
result. In this case we shall regard a torus as generated by a circle rotating 




round the x-axis (Fig. 6.6) and use the measurements a and b. The circle 
may be represented parametrically by means of the equations 

x = bcost, y = a+bsint (0 < t ^ 27 t). 

Thus x'(t) = —bsint and y'(t) = bcost, so that the required surface area 
is given by 

A = 2n [ (a + b sin r) J(b 2 sin 2 f+ b 2 cos 2 f) dt 

J 0 
[2n 

= 27ifcJ o (a+fcsin t) dt = 2nb[at — 6cosf]o* = 4n 2 ab. □ 

6.4 Arc Length In the previous section we have been content to quote 
formulae. As the first problem in this section we shall derive a formula 
for arc length, under suitable assumptions. 

Problem 6.7 Let f(x) be a function defined on [a, ft], continuous on 
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[a,b] and differentiable on (a,b). Derive a formula for the length of the 

curve y = f(x). . . 

Solution. We take n points on the curve and join successive points by a 
line segment (see Fig. 6.7(i)). We make the geometrical assumption that if 



we take a sequence of subdivisions so that the length of the longest such 
line segment tends to zero, then the sum of the lengths of the line segments 
tends to a limit, which will be the length of the curve. Referring to Fig. 
6.7(ii), we have by the M.V.T. 

/(x r )-/(x r -i) = (X r -X r _,)/'(a < tr < X r . 

The length / of the line segment A B is given by Pythagoras’ Theorem; 
l 2 = (x r - x r _ i) 2 + [/(x r ) —/(x r _,)] 2 
= (x r - x r _ ,) 2 +(x r - x r _ i) 2 /'(t r ) 2 , 

l = y/(l+f'Ur) 2 )(x r -X r -l). 

Thus the total length of the system of line segments is given by 

L. - t VU+ZUm^r-Sr-l)- 

r = 1 

We now make the analytical assumption that the function 

g(x) = V[1+/'(*)*] 

has an integral over [a, b]. (This will certainly be the case if, for example, 
/'(x) is continuous.) The work of § 5.7 then tells us that 

L n -* J Vt 1 +/'(*) 2 ] dx as n -* oo. 

Thus the formula for the arc length will be given by 

I =[ a Vt 1 +/'(*)*] dx - 
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If the curve is described parametrically then it can be shown that the 
corresponding formula is 


l =j‘y[x'(t) 2 +/(o 2 ] dt. 


□ 


Problem 6.8 Find the length of the curve y = In sin x between x = n/3 
and x = 2n/3 . 

Solution . To apply the formula we first calculate the derivative. Using 
the chain rule, /(x) = cos x/sin x = cot x. Thus 

* 2*/3 

cosec x dx 

*/ 3 

2k/3 1 1 y 

^rfdx = [ln|tan*x|]*f = In 3. 

x/3 l x Q] 


f2*/3 

= \ k/3 v/(l + cot 2 x)dx 

2913 dx 

2 sin \x cos jx 


-I 


-t 

-I 


Problem 6.9 Find the length of the curve given parametrically by 
x = l+^t 2 , y = t coshf—sinht, 0 < t < 1. 

Solution. The derivatives are given by x'(t) = t, y'(t) = t sinh t. and so 

L = | o y/{t 2 + t 2 sinh 2 t)dt = j o t x /(l + sinh 2 t)dr = j o rcoshtdt 

= [tsinhf]o— 1 () sinh t dt = sinh 1 —cosh 1 +cosh 0 = 1 — 1/e. □ 


6.5 Centroids The centroid of a plane region is the point which corres¬ 
ponds to the centre of mass of a uniform lamina of the same shape as the 
region. Similarly the centroid of a plane curve is the point in the plane 
corresponding to the centre of mass of a uniform wire with the same 
shape as the curve. 




For a region which can be represented by the method illustrated in 
Fig. 6.8, formulae for the coordinates ( X, 7) of the centroid are 

„ 1! -v[/(x)- 9 (x)] dx v _ i £ lf 2 (x) -g 2 (x)] dx 

- Z inx)-g(x)] dx ’ i: [/(x)-s(x)] dx ’ 

the denominator in each case representing the area of the region. In 
finding centroids of particular geometrical shapes we make as much use 
of symmetry as possible. 

Problem 6.10 Find the centroid of the region shown in Fig. 6.9, the 
boundaries being semicircles and portions of the x-axis. 

Solution. By symmetry X = 0. To find Y, let /(x) = v /(4a 2 -x 2 ) and 



g(x) = y/(a 2 —x 2 ). Using the formula for Y we calculate the integral in 
three parts to obtain 

r = 2 1 dx *h L fl{x) dx - 

where A is the area of the region. From the formula for the area of a circle 
we have A = ^na 2 — na 2 ) = 3na 2 /2. Also 

Jy 2 (*)-0 2 (x)] dx = [(4a 2 — x 2 )—(u 2 — x 2 )] dx 

— | 3a 2 dx = 6a 3 , 

j f 2 (x) dx - | / 2 (x) dx -1 (4a 2 -x 2 )dx = |a 3 . 


It follows that 


y = * (6a 3= ~ °" a - 

3 na 2 \ 3/971 


The centroid is therefore just outside the region, on the axis of symmetry 
slightly below the point (0, a). □ 
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Because of the similarity of centroid problems to those involving the 
centre of mass, we shall give no further examples at this point. We shall 
instead consider the two theorems of Pappus relating centroids to figures 
of revolution. 

Theorems of Pappus (i) Let S be a surface obtained by rotating a plane 
arc about a coplanar axis which does not intersect the arc. Then the 
surface area of S is given by the product of the length of the arc and the 
length of the circle described by its centroid. 

(ii) Let V be a solid obtained by rotating a plane region about a 
coplanar axis not intersecting the region. Then the volume of V is given 
by the product of the area of the region and the length of the circle 
described by its centroid. 

Problem 6.11 Use the theorems of Pappus to find expressions for the 
surface area S and volume V of a torus. 

Solution. Referring to Fig. 6.6, the torus is generated by rotating the 
circle about the x-axis. By symmetry the centroid for both the circumfer¬ 
ence as an arc, and for the disc as a region will lie at the centre. The length 
of the circle described by this centre is 2na. The length of the perimeter of 
the generating circle is 2nb , and the area of the circular region is nb 2 . 
Hence using the theorems of Pappus we have 

S = 2nb. 2na = 4n 2 ab, V = nb 2 .2na = 2n 2 ab 2 . □ 

The first result was found by another method in Problem 6.6. 

Problem 6.12 Use the theorems of Pappus to find the centroid of a 
semicircular arc and of a semicircular region. 

Solution. We consider a sphere as being generated by a semicircle of 
radius r rotating about its base. The surface area and volume of the 
sphere are Anr 2 and 4nr*/3 respectively. The arc length and plane area of 
the semicircle are nr and \nr 2 respectively. Symmetry locates both 
centroids on the diameter perpendicular to the base of the semicircle. 
Let a be the distance of the centroid of the arc from the base, and let b 
be the distance of the centroid of the region from the base. The two 
theorems of Pappus then give respectively 

nr . 2nd = 4nr 2 and jnr 2 .2nb = 4nr 3 /X i.e. a = 2r/n and b = 4r/3n. 

□ 

6.6 Density and Mass It is assumed that the reader has a notion of the 
physical concept of density, and the mathematical concept of density at 
a point. 
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Problem 6.13 A wire has density which differs from that at one end by 
an amount proportional to the distance from the end. Find an expression 
for the total mass of the wire. 

Solution. Let the length of the wire be / m. Taking the origin as one end 
of the wire, and measuring x along the wire, the line density p(x) is given 
byp(x) = a + bx kg/m. Take a sequence of points (x 0 ,x t ,...,x n ) along 
the wire. The segment between x r - t and x r has mass m r which satisfies 

p(x r _ i)(x r —x r _ j) ^ tn r ^ p(x r Xx r x r _i) 
since p(x) increases as x increases. The total mass M = £ m r therefore 
satisfies 

V p(x r _iXx r x r _i) ^ ^ ^ p(x r X* r %r- l)* 

r -1 r ~ 1 

As we increase the number of points in such a way that max(x r —x r _ J 0 

both sums tend to Jo p(x) dx, by § 5.7. Thus we have 

M =j l p(x)dx =J ( a+bx)dx = al+\bl 2 kg. □ 

Problem 6.14 Experimental measurements indicate that a planet 
consists of a spherical core of uniform density 9 x 10 3 kg/m' and radius 
1000 km. Between radii 1000 km and 2000 km the density varies in a 
spherically symmetric fashion, decreasing linearly with the radius from 
5 x 10 3 kg/m 3 to 2-5 x 10 3 kg/m 3 . The atmosphere varies in density in a 
manner inversely proportional to the fourth power of the distance from 



F 


















the centre of the planet, the density at the surface being 1 kg/m 3 , and it is 
100 km thick. Estimate the total mass M of the planet. 

Solution. A cross section of the planet is shown in Fig. 6.10. If p(x) 
denotes the density at distance x from the centre then the mass m r of the 
spherical shell represented by the shaded portion of the figure satisfies 
the inequalities 

4nx r 2 _,p(x r Xx r —x r _j) sg m, 47tx, 2 p(x r _ 1 Xx r -x r _ 1 ). 

Similar reasoning to that in the previous example shows that the total 
mass contained between radii a and b is JJ 4?tr 2 p(r) dr. The density of the 
planet’s mantle is given by p(r) = a—br. Since p( 1000) = 5xl0‘ 2 kg/km 3 
and p(2000) = 2-5 x 10 12 kg/km 3 we have 

a = 7-5 x 10 12 and b = 2-5 xlO 9 , 

giving 

p(r) = (7*5 x 10* 2 -2-5 x 10 9 r) kg/km 3 . 

The total mass of the mantle is therefore 

1*2000 |*2000 

47tr 2 (7-5 x 10 l2 — 2*5 x 10 9 r) dr = 10 10 7t (3000r 2 -r 3 ) dr 

JlOOO Jiooo 

= -^ 7i x 10 22 kg. 

The central core, having uniform density = 9x 10 12 kg/km 3 , has mass 
(47t/3X 1000) 3 x 9 x 10' 2 = 127txl0 2, kg. 

The atmosphere has density p(r) = cr -4 , and since p(2000) = 10 9 kg/km 2 
this gives c = 16 x 10 21 . The mass of the atmosphere is 
P2100 (*2100 

47ir 2 cr 4 dr = 6471 x 10 21 dr/r 2 = (327i/21)x 10 18 kg. 

J 2000 J 2000 6 

The total mass of the planet is therefore 

127tx 10 21 +(13 ti/4)x 10 22 +(327t/21) x 10 ,8 kg 

As is to be expected the contribution from the atmosphere is much smaller 
than that from the rest of the planet. In fact it is of the order of 10 -4 times 
the masses of both the core and the mantle. In practice, therefore, we should 
ignore its contribution in obtaining an estimate for the mass, for the 
errors introduced by its omission would be no more than those of the 
experimental measurements. We therefore have M = l-4x 10 23 kg. (For 
comparison, the mass of the earth is roughly 6 x 10 24 kg.) □ 

Problem 6.15 A right circular cone of height 10 m and base radius 5 m 
has density given by p(x) = 100(20 -x) kg/m 3 , where x is the per¬ 
pendicular distance from the base. Find the total mass M of the cone. 
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Solution. In Fig. 6.11 the radius at distance x from the base is given by 
r(x) = ^(10-x). The mass of the slice of the cone illustrated, of thickness 
h is approximately 

hnr 2 (x) p(x) = 71^(10—x) 2 100(20—x)h. 

Reasoning similar to the previous problems leads to the formula 
|*10 

M = (lOOrr/4) J q (10-x) 2 (20-x) dx = 875OOOrr/6 ^ 458000 kg. □ 

6.7 Centre of Mass 

Problem 6.16 Find the centre of mass of the solid cone whose total mass 
was found in Problem 6.15. 

Solution. By symmetry the centre of mass will lie on the axis of the 
cone, and indeed the resultant moment about this axis is zero. Referring 
to Fig. 6.11, the mass of the slice of the cone is approximately 

7ti(10-x) 2 l 00(20- x)h 

and its moment about a diameter of the base is therefore 
X7ti( 10-x) 2 100(20-x)/t 

A repetition of previous arguments leads to a formula for the total moment 
about a diameter of the base, 

T = (l(Xk/4) ['° x( 10—x) 2 (20—x) dx 
Jo 

rio 

= (lOOrr/4) j (2000x - 500x 2 +40x 3 -x 4 ) dx = 10 6 tt/3 

From Problem 6.15 the mass M of the cone is 8750007t/6. The distance X 
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of the centre of mass from the base is given by MX = T, and so 
_ 10 6 7r 6 16 

“ 3 875000t: = T™' 

Problem 6.17 Find the centre of mass of a uniform spherical cap of 
height b cut from a sphere of radius a ^ b. 

Solution. Fig. 6.12 represents a cross-section. The mass of the slice 



shaded in the figure is approximately nx 2 ph = np(a 2 -y 2 )h, where p is 
the uniform density and h is the thickness of the slice. As before this leads 
to a formula for the total mass M, 

M = [ np(a 2 —y 2 )dy = npb 2 {a—\b). 

Ja-b 

Similarly the total moment T about the x-axis is given by 

T = f nyp(a 2 -y 2 )dy = npb 2 (a-$b) 2 . 

Ja-b 

The distance Y of the centre of mass from the origin is now given by 
MY = T, i.e. 

y = 

" (a-jb)' 

For a hemisphere b = a and the above formula reduces to Y = 3a/8. □ 

Problem 6.18 A composite body is made up of the cone used in Problem 
6.15 and a uniform hemisphere of radius 5 m and density 2000 kg/m 3 
attached to the base of the cone, the centres coinciding. Find the centre of 
mass of the body. 

Solution. Fig. 6.13 represents a cross-section of the body. The positions 
of the centre of mass of the separate components are at A and B as shown. 
The mass of the cone was calculated in Problem 6.15 as 875 OOO 71/6 kg. 
The mass of the hemisphere, from Problem 6.17, is 

|rc x 2000 x 125 = 10 6 7t/6 kg. 
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If the distance of the centre of mass of the composite body from the 
x-axis is Y. then the total moment about the x-axis is 

/87500071 10 6 tA 875000tt16 10 6 tt15 

\ 6 + 6 / 6 7 6 8 

which gives Y = 1/15 m. □ 

With a knowledge of the centres of mass of a number of standard 
geometrical shapes, a large number of compound bodies can be dealt 
with by the method of Problem 6.18. 

6.8 Moments of Inertia The moment of inertia of a particle of mass m 
about an axis is defined to be tnd 2 , where d is the perpendicular distance 
between the particle and the axis. Just as in previous examples we dealt 
with whole bodies in terms of elementary pieces, so we can build up the 
moment of inertia of a body from subdivisions. Moments of inertia are of 
importance in the study of the dynamics of rotating bodies. We consider 
two simple problems first, before quoting two theorems which are then 
applied further. 

Problem 6.19 Find the moment of inertia of a circular wire of line 
density p kg/m, and radius r m about an axis normal to the plane of the 
wire passing through the centre of the circle. 

Solution. In Fig. 6.14 consider the small section of arc cut off by two 
radii separated by an angle e. The length of this arc is re and so its mass is 
rpe. Considering it as a particle it will have a moment of inertia 

75 





























rpe.r 2 = pr 3 e. If we consider the complete circle divided into a large 
number of such small arcs then the total moment of inertia is 


/ = X P r * £ = pr 3 X £ = pr 3 2n = Mr 2 kg m 2 , 
where M = 2nrp is the total mass of the wire. 


□ 


Problem 6.20 Find the moment of inertia of a uniform disc about an 
axis normal to the plane of the disc passing through its centre. 

Solution. Let the surface density of the disc be p kg/m 2 and its radius 
a m. The disc is built up by means of concentric annuli as in Fig. 6.15. If 



the shaded portion has thickness h then from Problem 6.19 its moment of 
inertia will be approximately p. 2nrh. r 2 = 2npr 3 h. The total moment of 
inertia of the disc will be 

I = j* 2npr 3 dr = %npa*. 

The mass M of the disc is npa 2 and so / = \Ma 2 kg m 2 . □ 


Parallel axis theorem Let I be the moment of inertia of a body of mass 
M about an axis /. Let l c be the moment of inertia of the body about an 
axis parallel to l through the centre of mass of the body. Let p be the 
perpendicular distance between the two axes. Then 

/ = I e +Mp 2 . 
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Perpendicular axes theorem Let /, and l 2 be two perpendicular lines 
lying in the plane of a lamina. Let /,, 1 2 be the moments of inertia of the 
lamina about /, and l 2 respectively. Let / be a line normal to the plane of 
the lamina through the intersection of l t and l 2 , and let l be the moment 
of inertia of the lamina about /. Then 

/ = l t + I 2 . 

Problem 6.21 Find the moment of inertia of a uniform disc about a 
diameter. 

Solution. Let M be the mass of the disc and a its radius. By symmetry 
the moment of inertia is the same about any diameter. Consider two 
perpendicular diameters and the normal through the centre of the disc. 
The moment of inertia of the disc about this normal is \Ma 2 and so by 
the perpendicular axes theorem the moment of inertia I of the disc about 
a diameter satisfies \Ma 2 = 1+1, i.e. I = %Ma 2 . □ 

Problem 6.22 Find the moment of inertia of a uniform spherical cap of 
height b cut from a sphere of radius b about a line normal to its base 
passing through a point on the rim. 

Solution. We first find the moment of inertia about the axis of symmetry 
and then use the parallel axis theorem. Referring to Fig. 6.12 the cap is 
built up from slices in the form of circular discs. The radius of the shaded 
disc in Fig. 6.12 is y/(a 2 —y 2 ) and so the moment of inertia of the disc is 
%np(a 2 — y 2 ) 2 h, where p is the uniform density and h the thickness of the 
disc. The total moment of inertia about the axis of symmetry is then 

I c = [ &tp(“ 2 ~ y 2 ) 2 dy = $npb 3 (fa 2 - ab+\b 2 ). 

Ja-b 

From Problem 6.16, the mass M of the cap is npb 2 (a-$b) and so 

Mb($a 2 -ab+$b 2 ) 
c= 2(a-fh) ' 

(For a hemisphere with b = a this becomes l e = 2Ma 2 /5.) 

To find the moment of inertia I about a line through a point on the rim 
parallel to the axis of symmetry, we note that the distance between the 
centre of the base of the cap and a point on the rim is p = s /(2ab-b 2 ). 
The theorem of parallel axes then gives 

, . ;.+Mp’ = W,^a‘-jab+'^l2 [«•-»]• 0 

Problem 6.23 Find the moment of inertia of the cone considered in 
Problem 6.15 about a diameter of the base. 
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Solution. We refer to Fig. 6.11. The shaded disc represented in that 
figure has radius r(x) = ^(10—x) and mass 

m = nr 2 (x) p(x)h = 7t*{10 — x) 2 100(20 — x)h 

and so by the parallel axis theorem the moment of inertia about a diameter 
of the base is 

-^71(10—x) 4 (20-x)/i + mx 2 = 7t( 10—x) 4 (20— x)h 

16 16 

+^tt(10-x) 2 (20-x)x 2 /i. 

4 

Thus the total moment of inertia of the complete cone is 

fi° /irv) 100 \ 

/ = J ^-y^-7t(10—x) 4 (20 —x)-l——7r(10— x) 2 (20 — x)x 2 jdx 

The integral to be evaluated is a polynomial, and provided care is taken 
over the arithmetic there is no difficulty in obtaining / = 7 x 10 8 ti/64 x 6. 
The mass of the cone is M = 8750007t/6 and so I = 25M/2. □ 

Problem 6.24 A solid of revolution is formed by rotating the graph 
y = /(•*) (fl ^ x ^ b) of the non-negative function /(x) about the x-axis. 
The density at any point ( x,y,z ) of the solid depends only upon x, and is 
given by p(x). Find a formula for the moment of inertia of the solid about 
the x-axis. 

Solution. In Fig. 6.16 the shaded disc has thickness h and radius /(x) at 
the point x. Its mass is therefore nf 2 (x)hp(x) approximately and so its 
moment of inertia about the x-axis is approximately $nf 2 (x)h p(x) f 2 (x). 



i 


I 
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The usual arguments can now be applied to obtain the formula for the 
moment of inertia of the whole solid about the x-axis, 

/ = fa J o p(x) f 4 (x) dx. 

This general formula can be applied to any special case. The procedure 
itself, however, is important as it involves the use of physical and 
analytical assumptions whose full discussion is outside the scope of this 
book. Furthermore the procedure itself is simple enough to enable each 
special case to be considered ab initio , rather than remembering the 
formula. □ 

6.9 Miscellaneous Problems To end this chapter we present two prob¬ 
lems from different areas of physics. 

Problem 6.25 An insulating material in the form of a semicircular wire 
of radius a has charge density <j|0|, where 0 is measured as in Fig. 6.17. 
Find the field at the centre of the semicircle. 

Solution. We subdivide the semicircle into small arcs. A typical arc is 
shown in Fig. 6.17. cut off by two radii with an angle of e between them. 



The length of this small arc is ae and so the charge on this arc is approxi¬ 
mately q\0\o£. The field at 0 due to this elementary charge is approxi¬ 
mately q\0\ae/a 2 . By symmetry the resulting field will act along OP, and 
so we have to sum the components of the elementary charges in this 
direction. The OP-component of the elementary charge considered is 
q|0|cos|0|e/a and so the total field at O will be 
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F = q/a | |0|cos|0| dO = {2q/a) J 0cos 0 d6 

= (2q/a) [0sin 0]$*-(2 q/a) J** 1. sin 9 d0 

= (2q/a)($n— 1 ). □ 

Problem 6.26 A solid metal bar is in the form of a cone of length a m 
and end radius rm. The metal has density p kg/m 3 and specific heat 
sJ/kg°K. The temperature is radially uniform and measured from the 
apex of the cone obeys the rule T(x) = ce* xc K. Find the total heat 
content of the bar. 

Solution . Consider the elementary disc of thickness h shown in Fig. 6.18. 
This has radius y = rx/a. Its total mass if therefore npr 2 x 2 h/a 2 kg. 



Since its temperature is approximately cef^ throughout, its heat content 
is s.ce* x .npr 2 x 2 h/a 2 . Hence the total heat content of the bar is 


H = | ( npscr 2 /a 2 ) x 2 e* x dx J 


Now integrating by parts twice gives 


i 

Jc 


ikxi 2 

^ + TF-P' 


Thus we have 

H = (a 2 fe V fl - 2akS° +2^-2) J 


□ 


It has only been possible to illustrate some of the applications of 
integration here, but there are many others in such fields as gravitational 
attraction, hydrodynamics and statistics. 
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EXERCISES 


1. Find the area of the region enclosed by the curves y = coshx, 
y = sinhx and the lines x = 1, x = — 1. 

2. A drainage pipe has a longitudinal section, half of which is illustrated 
in Fig. 6.19, the broken line representing the axis of the pipe. Find the 



Quadrant 

-—4m — 


of circle " 


X45° 


_ 

- 3 

m 



IOm 

_t_ 

Fig. 6.19 


volume of material used in its manufacture, and calculate its total surface 
area (internal and external). 

3. Find a formula for the length of an arc of the parabola x = at 2 , 
y = 2 at, one end of the arc being fixed at the origin. 

4. Find the position of the centroid of the region enclosed by the 
hyperbola xy = 1 and the lines x = 2, y = 2, x = 0, y = 0. Find its 
area and hence deduce the volume of the solid obtained by rotating the 
region about the x-axis. 

5. Find the position of the centre of mass of a sector of a circle of which 
the density is proportional to the distance from the centre. 

6. Find the moment of inertia of a uniform rectangular so'id of mass M 
with sides a, b, c about an axis through the centre of mass parallel to the 
edge of length c. Find also its moment of inertia about one of the edges 
of length c. 

7. Find the moment of inertia of a uniform regular hexagonal prism of 
length / and side a, and whose mass is M, about the axis of the prism. 

8. Find the moment of inertia about its axis of a right circular cylinder 
whose density measured from one end is (2+sin27tx)kg/m 3 . The length 
of the cylinder is 10 m and its radius is 2 m. 

9. A uniform lamina is constructed from the disc of radius 1 centred at 
the origin by removing the disc of radius \ centred at the point (^, 0). Find 
the moment of inertia of the lamina about the x-axis. 
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Answers to Exercises 


Chapter 1 

1. P(x)/Q(x) -* 0 as x -* oc if m < n, 

P(x)/Q(x) -»• + oo as x -► oc if »i > n, 

P(x)/Q(x) -»casx-»ooifm = n, where c is the ratio of the coefficients 
of the highest powers of x. 

2. 26/113. 3. 0. 4. 0. 5. 18. 6. i 

Chapter 2 

1. (i) f'(x) = — sinxe C08X . (ii) f'(x) = sec x tan x. (iii) /'(x) = tanhx. 

2. (i) f'(x) = 1 ifx > 0. /'(x) = — lifx < 0: /(x) is not differentiable 
at x = 0. 

(ii)/'(x) = fx'f ifx # 0: f(x) is not differentiable at x = 0. 

3. /'(x) = 1/V(x 2 -1). 

4. f'(x) = x x ( 1 + In x). 


5. y'(x) 


_ y 2 /lnx-l\ 
“ x 2 yin y — 1/* 


6. /«">(x) = 


( — l)V(2n)! 


(ax + h)“ ,n+i) . 


7. /< 4 >(x) = 24( —1)" + l (n — 5)! x 4_ ". 


Chapter 3 

1 . f(x) is decreasing in intervals 2nn+n/6 < x < (2n+\)n-n/6 and 
increasing in the complementary intervals. 

2. f(x) has a local maximum at x = — Z a local minimum at x = — 2 
and a point of inflexion at x = 1 . 

3. Greatest value./(l) = 2, least value/(2) = 1 +ln 2 . 

4. If the base is of length 2 a then the required position is u/^/3 from the 
base on the axis of symmetry, or at the third vertex, whichever is nearer 
the base. 

5. y = a(x— 1). 

6 . y = 0 , x = 0 . 

7. See Fig. A. 1. 

8 . See Fig. A.2. 

9. The curve is a circle centre (0,j) radius 5 . 
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Fig. A.1 Answer to Exercise 3.7 



Fig. A.2 Answer to Exercise 3.8 





















Chapter 4 

1. (i) c = 0,7T, 7E. (ii) c = 2. 

2. Fromy'(x) = nx n l +p a range of possibilities similar to those of 
Problem 4.4 can be deduced. 

3. (i) 1 (ii) 1 (iii) 1/e. 

4. sinh(005) = 0 05002 to 5 decimal places. 


Chapter 5 

1. (i) (x 2 + 3) 5 /10. (ii) x — ln|cos x|. 

(iii) ^x 2 + 7x + 41 ln|x — 3| —12 ln|x — 2|. 


(iv) 3x-^ln|x 2 + x+6|--^tan- 1 ^^. 


2. (i) 


fa 




+ tanhjx 


—In 


N /^- ,anh i*|] 


(ii) (x — 1 )— 4n /(x —l) + 141n|l + V(*- 1 )|+--i-- 

1+V(x-1) 

(iii) *x(5a 2 - 2x 2 ) J(a 2 — x 2 ) +?a 4 sin " \x/a\ 

3. (i) I(x 2 + l)tan _ 1 x—^x (ii) (x 2 + 2)sinhx-2xcoshx. 

(iii) ^(cos x sinh x+sin x cosh x) (iv) x sin ~ 1 x + ,/(1 - x 2 ). 

4 / _ sinbx—b cos bx)/(a 2 + b 2 ), 

J = e“( 6 sinhx + acoshx)/(a 2 + b 2 ). 

5. i4+-iln2. 

6. In 2. 


Chapter 6 

1 . e— \/e = 2 sinh 1 . 

2. V = 7008 x \n + 1 3ji 2 /2, S = 4907* + 50^2 + 13* 2 . 

3. flf ov /(l+*o) + a sinh _1 t 0 . 

4. X = 7 = 7/4/4, A = 1 +2In2, V = ln/2. 

5. If the sector has angle 20 the distance of the centre of mass from the 
centre is A" = sin 0/0, the radius being a. 

6. M(a 2 + b 2 )/ 12, M(a 2 + b 2 )/ 3. 

7. 5Ma 2 /\2. 

8. 2 M = 160ti. 

9. 5A4/16 = 15;rp/64. 
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Index 


Asymptote, 26 
horizontal, 27 
oblique, 27 
vertical, 27 

Cauchy’s M.V.T., 38 
Cauchy’s remainder, 42 
Chain rule, 10 
Charge density, 79 
Continuity, 2 
Critical point, 23 

Definite integral, 47 
Derivative, 9 
higher, 17 
partial, 56 

Differential coefficient, 9 
Dissection, 58 

Estimating errors, 44 

Function, 
composite, 10 
continuous, 2 
decreasing, 21 
derived, 9 
differentiable, 9 
even, 30 
exponential, 6 
increasing, 21 
inverse, 13 
implicit, 15 
logarithmic, 7 
odd, 30 
polynomial, 2 
rational, 2 
trigonometric, 4 

Integrals, 

differentiation of, 56 
indefinite, 47 
table of, 48 


Interval, 
closed, 35 
open, 35 

Jump discontinuity, 36 

Lagrange’s remainder, 42 
Leibniz’ theorem, 19 
l’Hopital’s rule, 39 
Linearity, 9 
Limit, 1 
from above, 27 
from below, 27 
Local maximum, 23 
Local minimum, 23 
Logarithmic differentiation, 16 

Maclaurin’s theorem, 42 
Mean value theorem, 35 

Pappus' theorems, 70 
Parallel axis theorem, 76 
Perpendicular axes theorem, 77 
Point of inflexion, 23 
Polynomial approximation, 44 
Primitive, 47 
Product rule, 9 

Quotient rule, 9 

Riemann integral, 58 
Reduction formula, 55 
Rolle’s theorem, 35 

Specific heat, 80 

Taylor expansion, 42 
Taylor series, 42 
Taylor’s theorem, 42 
Torus, 66 
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